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a b s t r a c t

This paper focuses on robust performance analysis of a closed loop fractional order

system through a sensitivity approach. The characteristic ratio assignment method is

selected to attain a desired closed loop transient response. Then, we compute the

sensitivity of such a desired transfer function with respect to its characteristic ratio and

we explore its specifications. The relation between the coefficient diagram shape and

the relative stability of the closed loop system is discussed. Also, the closed loop poles

variations due to the changes in the characteristic ratios are investigated. Finally, we

study a pseudo second order process to verify the robust performance of the

characteristic ratio assignment approach with RST control structure.

& 2012 Elsevier B.V. All rights reserved.

1. Introduction

Benefits of employing fractional order operators in
modeling, identification, and control, encourage scientists
to investigate different fields of fractional calculus [1–4].
Most of the physical processes could be represented
better with fractional order models, especially those
including viscoelasticity, diffusion, and thermoelasticity
[5–8]. Designing appropriate controllers for fractional
order models is a main research subject in this regard.
A lot of control strategies have been proposed in the
literature to improve the performance of a fractional
order system [9–15]. Among them, characteristic ratio
assignment (CRA) method is a novel analytical approach
to control the transient response of such systems [15]. In
this method, the characteristic ratios which could be
represented in terms of characteristic equation coeffi-
cients are assigned to gain a non overshooting step
response. The speed adjustment of the transient response

could be independently performed by selecting general-
ized time constant in accordance with the time scaling
property. The change in the generalized time constant
only scales the transient response without any effect on
its damping or overshoot.

Designing a robust control system which is less sensi-
tive to changes in the process parameters is one of the
main goals in control theory. The sensitivity of such a
system would be low with respect to perturbation in the
process parameters. Thus, the sensitivity analysis of a
control structure could help to investigate the robustness
of its closed loop system. Sensitivity analysis of a CRA
based fractional order controller is the main contribution
of this paper. Some useful relations to compute the
sensitivity of a closed loop transfer function and its poles
due to variations in the characteristic ratios and charac-
teristic equation coefficients are presented. Through this
analytical approach, some important qualitative results
are derived which could help to design a robust control
system. Coefficient diagram for the proposed character-
istic equation is plotted and its relation to the relative
stability is illustrated. The sensitivity of the closed loop
dominant poles to changes in the process parameters is
discussed, as well. To verify the obtained results in a
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commonly used closed loop system, a pseudo second
order process with uncertain parameters is considered.
Based on the CRA method, an RST control structure is
build to attain the desired closed loop transfer function.
The robustness of the proposed controller is checked
through the sensitivity analysis and results are confirmed
based on computer simulations of the controller.

This paper is organized as follows. Section 2 gives a
review on the CRA method and its properties for fractional
order systems. Some relations to calculate the sensitivity
of an all-pole fractional order system to its characteristic
ratios are given in Section 3. Section 4 deals with the
sensitivity analysis of a desired closed loop transfer
function obtained through the CRA method to its char-
acteristic ratios variation. The general shape of the coeffi-
cient diagram for the proposed characteristic ratio pattern
and its relation to the relative stability is discussed.
Robust performance verification of a closed loop system
under parametric uncertainties in a case study process is
given in Section 5. Section 6 concludes the paper.

2. Characteristic ratio in fractional order systems

The memory contained in the fractional order deriva-
tive makes it different from the ordinary derivative. The
infinite dimension of fractional order systems is the result
of the long memory principle. Analytical computation of
the fractional derivative is a complex issue due to the long
memory property. To overcome this limitation, different
approximation methods have been proposed to replace a
fractional order derivative [16–18]. In this paper FOTF
toolbox introduced in [18] has been employed to simulate
a fractional order system.

A fractional order system with derivative terms that
are integer multiples of a common factor (called com-
mensurate order) is named as a commensurate system
[2]. The following transfer function represents an all-pole
commensurate fractional order system.

GðsÞ ¼
a0

pðsÞ
, pðsÞ ¼ ansnvþan�1sðn�1Þvþ � � � þa1svþa0: ð1Þ

The characteristic ratio assignment was firstly intro-
duced to control the transient response of ordinary
systems [19–22]. This method is based on the separation
of time and amplitude specifications of a closed loop step
response. The principles used in the CRA method could be
similarly generalized for fractional order systems [15].

The transient response of system (1) could be uniquely
described by characteristic ratios (ak,k¼1,y,n�1) and
generalized time constant (t) which are defined as
follows [15]:

ai ¼
a2

i

ai�1aiþ1
,i¼ 1,. . .,n�1, t¼ a1

a0

� �1=v

: ð2Þ

The amplitude properties (such as maximum over-
shoot) of the step response for system (1) are determined
by ai while the time specifications (such as rise time,
settling time, and alike) are adjusted by t. In other words,
systems with the same characteristic ratios have similar
damping in their step responses and different speeds
depending on their generalized time constant.

The characteristic equation coefficients could be
uniquely determined in terms of the characteristic ratios
and the generalized time constant as follows [15]:

a1 ¼ tva0, ai ¼
a0tiv

ai�1a2
i�2a

3
i�3 � � �a

i�1
1

, i¼ 2,3,. . ., n: ð3Þ

Characteristic ratio assignment to get a step response
with a minimum overshoot (say 2%) for the case
0.5ovr1 has been presented in [15]. The proposed
pattern for the characteristic ratios has the following form

ai ¼
�2bcosðpvÞ, if : i¼ 2kþ1,

�2
bcosðpvÞ , if : i¼ 2k,

(
ð4Þ

where k 2 naturals; and b is an adjustable parameter
which could be tuned to obtain a predefined overshoot.
For example to reach a 2% overshoot, the following
relation has been proposed for b in [15]

b¼ 1:254v4:717�0:05652: ð5Þ

The characteristic ratio pattern in (4) is called as
‘‘alternative characteristic ratio pattern’’ in the remainder
of this paper. Analysis of systems designed with this
alternative pattern from the sensitivity point of view is
the main subject of this paper.

3. Sensitivity of a fractional order system to its
characteristic ratios

In [23], the sensitivity of the transient response to its
characteristic ratios has been studied. This section focuses
on the sensitivity analysis of an all-pole fractional order
system. Some useful relations are presented to study the
sensitivity of a fractional order system to its characteristic
ratios.

Let denote the sensitivity of transfer function in (1) to
i-th characteristic ratio (ai) by SG

ai
and to coefficient aj,

j¼0,y,n by SG
aj

, and the sensitivity of aj to characteristic
ratio ai by S

aj
ai

. Then the following relation holds

SG
ai
¼

Xn

j ¼ iþ1

SG
aj

S
aj
ai
: ð6Þ

According to (3), ai affects aj only for j4 i. Thus S
aj
ai

is
zero for jr i. This is why the summation index in (6)
starts from iþ1.

Calculation of SG
ai

needs calculation of SG
aj

and S
aj
ai

. SG
aj

is
calculated according to the definition of sensitivity.

SG
aj
¼
@G

@aj

aj

G
¼
�a0sjv

pðsÞ2
pðsÞaj

a0
¼
�ajs

jv

pðsÞ
: ð7Þ

Assuming m¼ j� i, m40, the following relation is
obtained

S
aj
ai
¼
@aj

@ai

ai

aj
¼

@aj

@aj�m

aj�m

aj
¼

a0tjvQj�1
l ¼ 1,lam al

j�l

�mam�1
j�m

a2m
j�m

aj�m

aj

¼�m¼�ðj�iÞ: ð8Þ

This means that the sensitivity of a coefficient to a
characteristic ratio depends on the distance between their
indices. Combination of (7) and (8) leads to the following
relation that shows the sensitivity of the transfer function
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