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Abstract This paper considers the cooperative tracking of linear multi-agent systems with a dynamic leader whose input information is unavailable to any followers. Cooperative iterative learning controllers, based on the relative state information of neighboring
agents, are proposed for tracking the dynamic leader over directed communication topologies. Stability and convergence of the
proposed controllers are established using Lyapunov-Krasovskii functionals. Furthermore, this result is extended to the output
feedback case where only the output information of each agent can be obtained. A local observer is constructed to estimate the
unmeasurable states. Then, cooperative iterative learning controllers, based on the relative observed states of neighboring agents,
are devised. For both cases, it is shown that the multi-agent systems whose communication topologies contain a spanning tree can
reach synchronization with the dynamic leader, and meanwhile identify the unknown input of the dynamic leader using distributed
iterative learning laws. An illustrative example is provided to verify the proposed control schemes.
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In recent years, compelling attention has been paid to
cooperative control of multi-agent systems due to its potential application in numerous engineering areas including unmanned vehicles, manipulators, sensor networks, etc.
Along this line of research, consensus as a fundamental control problem is of great importance due to that it is closely
related to formation. The key of the consensus is to design a distributed control law based on local interactions
with neighbors such that the agents agree on some value
of interest[1−3] . Numerous results on the consensus control
have been obtained; see [4−13] and the references therein.
In general, these consensus protocols are falling neatly into
two categories, namely, leaderless consensus and leaderfollower consensus. In literature, the leader-follower consensus is also called as consensus tracking[10] , distributed
tracking[13] , or cooperative tracking[12, 14] .
During the past few years, cooperative tracking of multiagent systems has been widely studied from different perspectives. In [8], a neighbor-based tracking controller together with a neighbor-based state observer is proposed for
each agent to track a dynamic leader. In [9], consensus
protocols are developed for first-order linear systems with
a time-varying leader dynamics. In [10], robust consensus
tracking controllers are proposed for second-order nonlinear systems for both undirected and directed topologies. In
[11], consensus of multi-agent systems and synchronization
of complex networks are unified in a framework. In [12],
a framework for cooperative tracking of linear multi-agent
systems is proposed, including state feedback, observer and
output feedback. Note that the input is either assumed
to be zero[12] , or available to a fraction of followers[9−10] ,
or known to all followers[8, 11] , which may be restrictive in
many circumstances.
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To deal with the unknown input of the leader, several
methods can be applied[13−21] . In [14−18], neural networks
are employed to compensate for the unknown input dynamics and unknown individual dynamics. In [19−20], the
unknown input of leader can be rejected by a distributed
output regulation approach. In [13, 21], the unknown input of leader can be handled using the sliding-mode control
approach, which results in a discontinuous controller. Further, the undesirable chattering effect caused by the discontinuous controllers in the previous works[13, 21] can be
avoided by the proposed continuous controllers in [22].
On the other hand, iterative learning method as an effective control strategy has been widely explored; see [23] and
the references therein. The main advantage of iterative
learning is using previous information to improve control
performance. In [24], iterative learning adaptive law is developed to alleviate the constraint of identifying constant
and slowly time-varying parameters. Since the input of the
leader may be time-varying and changing very quickly, it
is very attractive to apply it to the control of multi-agent
systems. However, note that the iterative learning method
proposed in [24] is for centralized identification of system
parameters in single unknown system, and thus cannot be
applied in this case.
Motivated by the above observations, we focus on the
cooperative iterative learning control of linear multi-agent
systems with a dynamic leader whose input is totally
unknown to each agent. The communication topologies
among the followers are assumed to be directed and containing a spanning tree. At first, cooperative iterative
learning controllers, based on the relative state information
of neighboring agents, are proposed. Lyapunov-Krasovskii
functional is used to show the uniform ultimate boundedness of closed-loop network signals. Then, this result is
extended to the output feedback case, and a local observer
is constructed to estimate the unmeasurable states. Based
on the relative observed states of neighboring agents, cooperative observer-based iterative learning controllers are
devised. A key feature of the proposed controllers allows
for tracking the dynamic leader over directed communication graphs without the knowledge of the input.
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The comparisons with existing works are listed as follows. In contrast to the works[8−13] , the input of the leader
is not required to be zero, or available to any followers.
Compared with the distributed tracking controllers developed in [13, 21], the proposed iterative learning controllers
are able to capture the input of the leader, instead of capturing the upper bound of the input. Moreover, the proposed iterative learning control laws are easier to implement in digital processors due to the fact that algebraic
equations are used for identification of the dynamics of
leader. Unlike the cooperative tracking controllers developed for undirected graphs[13, 21−22] , the communication
topologies among agents considered here are directed. Finally, it is worth mentioning that the developed protocols
are different from the iterative learning controllers proposed
in [25−26] in the sense that the control laws are updated
in a discrete time form without adaptive terms.
The paper is organized as follows. Section 1 introduces
some preliminaries and states the problem formulation.
Section 2 presents the state feedback design and stability analysis. Section 3 extends the preceding results to the
output feedback case. Section 4 provides an example to
illustrate the theoretical results. Section 5 concludes this
article.

1
1.1

Preliminaries and problem formulation
Preliminaries

Consider a network of system consisting of N follower
agents and one leader. If each follower is considered as a
node, the neighbor relationship among the followers can be
described by a graph G = {V, E}, where V = {n1 , · · · , nN }
is a node set and E = {(ni , nj ) ∈ V × V} is an edge set with
the element (ni , nj ) that describes the communication from
the node i to the node j. The neighbor set of the node i
is denoted by Ni = {j|(nj , ni ) ∈ E}. Define an adjacency
matrix A = [aij ] ∈ RN ×N with aij = 1, if (nj , ni ) ∈ E and
aij = 0, otherwise. Define an in-degree matrixP
as a diagonal
matrix D = diag{di } ∈ RN ×N with di =
j∈Ni aij for
node i. The Laplacian matrix associated with the graph G
is defined as L = D − A. A directed path in the graph is an
ordered sequence of nodes such that any two consecutive
nodes in the sequence are an edge of the graph. A digraph
has a spanning tree, if there is a node called as the root,
such that there is a directed path from the root to every
other node in the graph. Finally, define a leader adjacency
matrix as A0 = diag{a10 , · · · , aN 0 }, where ai0 > 0 if and
only if the ith agent has access to the leader information;
otherwise, ai0 = 0. Let H = L + A0 .
Lemma 1[14] . Suppose the graph G has a directed spanning tree, and let the root agent has access to the leader.
Define
q = [q1 , · · · , qN ]T = H −1 1
T = diag{pi } = diag{1/qi }, i = 1, · · · , N
G = T H + H TT
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Problem formulation

Consider a class of multi-agent systems consisting of N
followers and one leader. The dynamics of the ith follower
is governed by a linear system
½
ẋi (t) = Axi (t) + Bui (t)
(2)
yi (t) = Cxi (t), i = 1, · · · , N
where xi = [xi1 (t), · · · , xin (t)]T ∈ Rn is the system state;
ui (t) ∈ Rm is the control input; yi (t) ∈ Rp is the output state; A ∈ Rn×n , B ∈ Rn×m , C ∈ Rp×n are known
matrices.
The leader is governed by a dynamic system
ẋ0 (t) = Ax0 (t) + Br(t)

(3)

where x0 ∈ Rn is the leader state. r(t) ∈ Rm is an unknown bounded input and may vary quickly in practice.
For any initial conditions, assume that the solution x0 exists for all t ≥ 0.
The control objective of this paper is to design a distributed control law ui for each agent (2) to track the leader
(3), i.e., xi (t) → x0 (t) as t → ∞.
Before designing the controllers, the following assumptions are needed.
Assumption 1. The pair (A, B) is stabilizable.
Assumption 2. The pair (A, C) is detectable.
Assumption 3. The time-varying input r(t) is bounded
by kr(t)k ≤ rM with rM being a positive constant.

2
2.1

State feedback
Controller design

In [12], it has been shown that synchronization to the
leader (3) with r(t) = 0 can be achieved under directed
communication topologies. However, this synchronization
controller may not work efficiently if the leader0 s input is a
time-varying trajectory. Motivated by the above observation, a distributed adaptive controller is proposed as follows
ui (t) = cKei (t) + νi (t)

(4)

where c ∈ R is a coupling gain to be specified later; K ∈
Rm×n is a feedback matrix with
K = −B T P

(5)

where P is the unique positive definite solution to the following Riccati equation
AT P + P A + Q − P BB T P = 0

(6)

where Q ∈ Rn×n is positive definite; ei (t) is a local tracking
error defined by
ei (t) =

N
X

aij [xi (t) − xj (t)] + ai0 [xi (t) − x0 (t)]

(7)

j=1

(1)

Then, T and G are positive definite.
Throughout the paper, the Euclidean norm and trace are
denoted by || · || and tr{·}, respectively. A diagonal matrix
is represented by diag{b1 , · · · , bN } with bi being the ith
diagonal element. An identity matrix of dimension N is
denoted by IN . The Kronecker product is denoted by ⊗.

where aij are defined in Section 1.1. νi (t) is used to identify
the unknown time-varying input r(t) that is updated as
νi (t) = κi1 νi (t − τ ) − κ2 pi (di + ai0 )B T P ei (t)

(8)

where τ ∈ R is a positive updating interval. κi1 ∈ Rm×m
and κ2 ∈ R satisfy 0 < κT
i1 κi1 < αIm with 0 < α < 1, and
κ2 > 0, respectively. pi is defined in (1).

