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a b s t r a c t

This paper presents a statistical modeling methodology for simultaneous estimation of the term structure 
for the risk-free interest rate, hazard rate, loss given default as well as credit risk dep endency structure 
between bond-iss uing industries. A model like this provides a realistic view for the market anticipation of
credit risk for corporate bonds and the flexibility in capturing credit risk dependency between industries.
Our statistical modeling procedure is carried out without specifying the model likelihood explicitly, and 
thus robust to the model mis-specification. An empirical analysis is conducted using the financial infor- 
mation on the Japanese bond market data. Numerical results confirm the practicality of the proposed 
methodology.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction 

Systematic credit default risk for corporate bonds has conven- 
tionally been studied using term structure of hazard rates. Much 
like the term structure of interest rates, the name suggests the 
dependency on time to maturity of and hints at an implicit pricing 
model for the underlyin g bonds. Many mathematical finance mod- 
els for estimating term structure have placed emphase s on market 
equilibrium or the no-arbitrage assumption as well as been in pur- 
suit of Markovia n properties through stochasti c processes. While 
economic theories are crucial to the interpretabi lity of some model 
parameters, there has been an increasing demand for practical and 
adaptive modeling procedures as the 2008 financial crisis has 
shown that market does not always behave as theoretical models 
predicts.

In this paper, we basically employ the statistical modeling 
framework of Ando (forthcoming) for the analysis of the term 
structures of risk-free interest rate and hazard, the loss given 
default (LGD). As a new contribution, we try to model the credit 
risk dependency structure between the industries. The LGD of
corporate bonds, in the form of a fraction of unity maturity value,
is modeled by a discrete recovery rate upon a default event. We
recognize the importance of the validity of key economic theories 
while seeking applicabi lity and ease of expansion for our approach.
When estimating credit risk from corporate bonds, following Ando
(forthcoming), we incorporate diverse information such as credit 

ratings, term structure for interest rate as well as the financial
strength of the companies. Credit risk dependency structure 
between industries is estimated from the aggregated residuals 
while other parameters are divided into different credit rating clas- 
ses allowing us to capture the mean structure of hazard functions 
for each rating class.

Modeling the term structure of interest rates from bonds with 
various time to maturity have long been of interest to researchers 
in financial econome trics and related discipline s. On the mathe- 
matical finance front, Vasicek (1977) and Cox et al. (1985) pio-
neered in using a Markov process with averaging continuo us
interest rate paths. As in many similar applications, the yield curve 
cannot be determined exogenou sly. While these models are capa- 
ble of ensuring desirable properties such as mean-rever sion, the 
theoretical nature also exposes them to less explainable yet possi- 
ble scenarios such as negative interest for the Vasicek model.

McCulloch (1971, 1975) was the first to propose a statistical 
estimation techniqu e, using spline functions to model the discount 
and yield curves from observations on prices of bonds with varying 
maturities and coupon rates. The use of least squares method for 
greatly speeds up the estimation process of spline coefficients, pro- 
vided that the pricing formula for non-defaultable bonds is addi- 
tive. Some notable extensions and successive improvements of
such approximation models can be found in Vasicek and Fong 
(1982), Shea (1985), Chambers et al. (1984) and Krivobokova 
et al. (2006).

There is an extensive amount of finance literature on modeling 
risk structure on defaultabl e bonds. The Black and Scholes model 
(1973) for option pricing and Merton’s immediatel y-followed 
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extensions Merton (1973, 1974) have been treated by many as sac- 
rosanct in this field. Most of the similar stochastic models with 
equilibrium -theory assumption have reaped the benefit of Itô’s
Lemma (1951). While mathematical models may be solved analyt- 
ically and in some cases, even closed-for m solutions are obtained 
(Amin and Jarrow, 1991; Heston, 1993 ), oversimplify ing the 
dynamics could hinder expressing complex market reality.

When a default event occurs, bond holders typically receive a
fraction of the par value and write the remaining amount at a loss.
By introducing hazard rate into the term structure for interest rate,
Duffie and Singleton (1999) and Jarrow and Turnbull (1995) laid
the foundation for the reduced-form model in a continuous-tim e
Markovian setting. However, the LGD in this model is usually a
given parameter.

From the situation-depend ent industry perspecti ve, making 
predictions for distance to defaults or LGD can be as important 
as estimating the numbers and probabili ties of defaults. Both 
statistical (Altman et al., 2005; Covitz and Han, 2004 ) and 
mathematical (Hamilton et al., 2001; Jarrow et al., 2006 ) models 
have been employed. It is also worth noting that in recent artificial
intelligence literature, various attempts have been made to model 
interest rate and default risk using neural network models (Jeong
et al., 2012; Khashman, 2010 ), fuzzy-knowled ge based models 
(Ju et al., 1997; Streit and Borenstei n, 2012 ) or support vector 
machine (Li et al., 2012; Perko et al., 2011; Ribeiro et al., 2012;
Yu et al., 2010, 2011 ). These new approaches offer insights from 
unconventiona l angles, but their estimates may suffer loss on
interpretabil ity.

This paper employs a recently invented model (Ando, forthcom- 
ing; Kariya, 2012 ) that can significantly reduce the model mis- 
specification risk of underlying stochastic processes for corporate 
bond pricing. B-splines are used to estimate the mean hazard rate 
structure separated by each rating class for ease of computati on as
well as its smoothin g effect. Covariates such as company financial
strength are used to boost the practicality of our model. LGD can be
approximat ed by using a logistic function of current model esti- 
mates and its value is well-defined.

In practice, bonds within the same corporate; companies within 
the same sector; industries within the same economy are all 
correlated. Therefore, it is imperative to model such dependency.
Since these implied dependency is model-spec ific and is not 
observed directly, many studies have attempted to either analyti- 
cally (Zhou, 1997 ) or empirically quantify (Cowan and Cowan,
2004; You and Ando, 2012; Zhou, 2001 ) default correlation. For 
the model discussed in this paper, industry effect is controlle d as
a covariate. Dimensio n-reduction technique is introduced to effi-
ciently model the correlation structure in the error terms. Empirical 
results reveal that within-indus try dependency is more influential
than between-industr y dependency .

The remaining of this paper is organized as follows. Section 2
overviews the basic model (Ando, forthcomi ng; Kariya, 2012 ) for 
the term structure of the forward instantaneo us interest rate and 
hazard function. Model parameterization is also specified. Section 
3 discusses several key assumptions needed for the parameter 
estimation procedure. Results from empirical analyses are 
presented in Section 4. Section 5 concludes this paper with some 
final remarks.

2. Model specification

In this section, we overview the results of Ando (forthcoming)
and Kariya (2012) (see also references therein) for the pricing of
government /corporate bonds. The main objective of this study is

not on improving a well-studied mathematical pricing formula,
but rather to integrate scattered information together with 
economical ly sound statistical modeling platform. We strive for 
the ease of computati on, generalizati on and interpretabil ity of
our model paramete rs.

2.1. Term structure for risk-free instantaneous forward interest rate 

We review the theoretical pricing formula of a non-defaul table 
bond. We assume for a risk-free government bond with fixed
coupon amount C and a par value of M redeemable at maturity.
A total of L successive payments for the bond are made at time 
t = (t1, . . . , tL)0, measured in years from the current time t0 = 0. Let 
r(t) be the term structure of the risk-free instantaneous forward 
rate, the present value (PV) of a government bond with a maturity 
date tL years from now can be computed from the sum of its 
discount ed cash flow:

PVðrð�Þ; tÞ ¼ M � exp �
Z tL

t0

rðuÞdu
� �

þ
XL

c¼1

C � exp �
Z tc

t0

rðuÞdu
� �

:

ð1Þ

Denoting by Dg(t) the attribute-de pendent stochastic discount 
function, i.e.

DgðtÞ ¼ exp �
Z t

t0

rðuÞdu
� �

;

the Eq. (1) becomes

PVðDgð�Þ; tÞ ¼ M � DgðtLÞ þ
XL

c¼1

C � DgðtcÞ: ð2Þ

Ando (forthcoming) and Kariya (2012) assumed that Dg(t) can be
decomp osed into the group mean function �DgðtÞ and the stochastic 
deviatio n term Dg(t) simply by:

DgðtÞ ¼ �DgðtÞ þ DgðtÞ: ð3Þ

It is common knowledge that theoretical pricing models such as
the Eq. (2) may not give accurate predictions for the prices of
bonds. Therefore, error terms must be included in the correspond- 
ing statistical model to account for those variations.

PVðDgð�Þ; tÞ ¼ M � �DgðtLÞ þ
XL

c¼1

C � �DgðtcÞ þ e; ð4Þ

where e ¼ M � DgðtLÞ þ
PL

c¼1C � DgðtcÞ is regard ed as a noise term.

2.2. Term structure for hazard 

Let T be a random variable that measure s the time to default.
The survival function is defined as Dh(t) = Pr(T P t). A hazard 
function h(t) that specifies the instantaneo us rate of default at t
condition ed on the survival up to time t. This h(t), hereafter called 
as the hazard term structure (an instantaneo us default intensity),
can be considered as the standardization of the conditional proba- 
bility of a bond which has not defaulted up till time t defaulting
within the next time period (t, t + Dt), where Dt is a small dimen- 
sionless measure of time. The survival probability with the above 
hazard term structure of a bond up to time t is therefore 

DhðtÞ ¼ exp �
Z t

t0

hðuÞdu
� �

: ð5Þ

Assumin g that the hazard term structure as in Eq. (5), Ando
(forthcoming) evaluated the present value of a corporate bond as
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