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abstract
We give an explicit expression for the optimal investment strategy, under the constant elasticity of
variance (CEV) model, which maximizes the expected HARA utility of the final value of the surplus at
the maturity time. To do this, the corresponding HJB equation will be transformed into a linear partial
differential equation by applying a Legendre transform. And we prove that the optimal investment
strategy corresponding to the HARA utility function converges a.s. to the one corresponding to the
exponential utility function.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction
The managers of pension funds buy reinsurance and/or invest
their company’s surplus in a financial market to reduce the risk.
Two of fundamental aims that an insurance company pursues is to
minimize the ruin probability of the company and to maximize the
expected utility of the final surplus at the maturity time T .
In the case of no reinsurance and no investment during the
period [0, T ] before retirement, the surplus process (V (t ))t ∈[0,T ] of
the company will be described by the following form:
dV (t ) = µ0 dt
V (0) = V0 ,



(1.1)

where the constant V0 > 0 is the initial surplus and the constant
µ0 > 0 is the continuous rate of contribution.
We assume that all of the surplus is invested in a financial
market which consists of two securities, named B and S, whose
prices are given by the following differential equations:
dB(t ) = rB(t )dt

(1.2)

and
dS (t ) = µS (t )dt + kS 1+γ (t )dW (t ),

(1.3)

where r , µ, k and γ are some constants with 0 < r < µ and
γ ≤ 0, and (W (t ))t ∈[0,T ] is a standard Brownian motion on a
complete probability space (Ω , F , P ) with a filtration (Ft )t ∈[0,T ] .
Here r is a rate of return of the risk-free asset B, µ is an expected
instantaneous rate of return of the risky asset S and γ is the
elasticity parameter. In this case we call (B, S ) a financial market
with the constant elasticity variance (CEV) model.
We denote by β(t ) the proportion invested in the risky security
S at time t ∈ [0, T ]. We disallow leverage and short-sales. In this
case it holds that 0 ≤ β(t ) ≤ 1 for all t ∈ [0, T ]. Therefore, at any
time 0 ≤ t < T , a nominal amount V (t )(1 − β(t )) is allocated to
the risk-free asset B. We treat the proportion β(t ) of the surplus at
time t as a control parameter. Then the surplus process (V (t ))t ∈[0,T ]
is given by the following stochastic differential equations:
dV (t ) = [V (t ){β(t )(µ − r ) + r }
+µ0 ]dt + V (t )kβ(t )S γ (t )dW (t )
V (0) = V0 .



Given a strategy β(·), the solution (V β (t ))t ∈[0,T ] of (1.4) is called
the surplus process corresponding to β(·).
In this paper, we are interested in maximizing the expected
hyperbolic absolute risk aversion (HARA) utility of the company’s
terminal surplus. The HARA utility function with parameters η, p
and q is given by
U (v) = U (η, p, q; v) =
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(1.4)

q > 0, p < 1, p ̸= 0.

1−p
qp



qv
1−p

+η

p

,
(1.5)
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We use the HARA utility function U (v) = U (η, p, q; v) with
parameters η, p and q defined by (1.5). For the surplus process
(V β (t ))t ∈[0,T ] given by (1.4), put

We can check that
U (0, p, 1 − p; v) = Upower (v) ≡

1
p

vp

(power utility function)

(1.6)

(2.1)

for all (t , s, v) ∈ [0, T ] × R × R , where E [X |A] is the conditional
expectation of a random variable X given an event A. In stochastic
optimal control theory it is important to find the optimal value
function
1

and
1
lim U (1, p, q; v) = Uexp (v) ≡ − e−qv
p→−∞
q
(exponential utility function).

J β (t , s, v) = E [U (V β (T )) | S (t ) = s, V β (t ) = v]

(1.7)

In the case that γ = 0, Devolder et al. (2003) found an explicit
expression for the optimal asset allocation which maximizes the
expected power or exponential utility of the final annuity fund at
retirement and at the end of the period after retirement. In the
case that γ satisfies the more general condition γ ≤ 0, by using
the Legendre transform and dual theory, Xiao et al. (2007) solved
the same problem as Devolder et al. (2003) with the logarithmic
utility function defined as a limit of a family of modified HARA
utility functions when p → 0 (cf. Grasselli (2003)). And Gao (2009)
extended the work by Devolder et al. (2003) to the case that γ ≤ 0
by the same method as Xiao et al. (2007).
In this paper we find an explicit expression for the optimal
investment strategy β ∗ (·), under the same condition that γ ≤
0 as in the works by Xiao et al. (2007) and Gao (2009), which
maximizes the expected HARA or power utility of the final value
of the surplus process given by the stochastic differential equation
(1.4). And we prove that the optimal solution corresponding to the
HARA utility function converges a.s. to the solution corresponding
to the exponential utility function as p → −∞. Grasselli (2003)
investigated these problems in a financial market model which
consists with a risk-free asset whose short rate of return follows
the CIR model and d risky assets without elasticities.
During the period [T , T + N ] after retirement, the surplus
process is given by Eq. (1.4) such that µ0 is replaced by the minus
of the continuous rate of annuity benefit (−λ0 ). This shows that
our problems before and after retirement are mathematically the
same. So we consider only the problem before retirement.
Xiao et al. (2007) and Gao (2009) derived the optimal strategy by solving the corresponding Hamilton–Jacobi–Bellman (HJB)
equation. Usually, in stochastic optimal problem, the corresponding HJB equation is a nonlinear partial differential equation and it is
difficult to solve. So they transformed the HJB equation into a linear
partial differential equation by applying a Legendre transform. But
Gu et al. (2010) gave an optimal reinsurance and investment strategy by directly solving the HJB equation with very complicated calculus. In this paper we use the same methods as the works by Xiao
et al. (2007) and Gao (2009).
The structure of the paper is as follows. In Section 2 we formulate our problem and give a theory background based on the
stochastic optimal control theory (Björk, 1998; Øksendal, 1998)
and properties for a Legendre transform (Jonsson and Sircar, 2002;
Xiao et al., 2007; Gao, 2009). In Section 3 we give an explicit expression for the optimal investment strategy corresponding to the
HARA utility function. In Section 4, we give an explicit expression
for the optimal investment strategy corresponding to the power
utility function as a special case of the HARA class, and prove that
the optimal investment strategy corresponding to the HARA utility
function converges a.s. to the one corresponding to the exponential
utility function.
2. Formulation of the problem and theory background
A control function β(·) in (1.4) is said to be admissible if
(β(t ))t ≥0 is a Ft -adapted process satisfying 0 ≤ β(t ) ≤ 1 for all
t ∈ [0, T ]. The set of all admissible controls is denoted by A.

1

H (t , s, v) = sup J β (t , s, v)

(2.2)

β∈A

and the optimal strategy β ∗ (·) such that
J β (t , s, v) = H (t , s, v).
∗

(2.3)

In this paper we will give an explicit expression of β (t ). The
following two theorems are essential to solve our problem. The
proofs are standard and can be found in many text books (e.g. Björk
(1998) and Øksendal (1998)).
∗

Theorem 2.1 (HJB Equation). (1) Assume that H (t , s, v) defined
by (2.2) is twice continuously differentiable on (0, ∞), i.e., ∈ C 1,2 .
Then H (t , s, v) satisfies the following HJB equation:



sup Lβ H (t , s, v) = 0

β∈A

(2.4)

H (T , s, v) = U (v)

for all (t , s, v) ∈ [0, T ) × R1 × R1 , where Lβ is the infinitesimal
generator corresponding to the diffusion process defined by the
stochastic differential equation (1.4), i.e.,

∂
∂
∂
+ µs + {v[β(t )(µ − r ) + r ] + µ0 }
∂t
∂s
∂v
1
∂2
1
∂2
+ v 2 β(t )2 k2 s2γ 2 + k2 s2+2γ 2
2
∂v
2
∂s
2
∂
.
(2.5)
+ β(t )k2 s1+2γ v
∂ s∂v
(2) Let G(t , s, v) be a solution of the HJB equation (2.4). Then the value
function H (t , s, v) to the control problem (2.2) is given by

Lβ =

H (t , s, v) = G(t , s, v).
Moreover if, for some control β̄(·), Lβ̄ G(t , s, v) = 0 for all (t , s, x) ∈
[0, T ) × R1 × R1 , then it holds G(t , s, v) = J β̄ (t , s, v). In this case
∗
β̄(t ) = β ∗ (t ) and J β̄ (t , s, v) = J β (t , s, v).
By Theorem 2.1, the HJB equation associated with our optimization problem (2.2) and (2.3) is
0 = Ht + µsHs + (r v + µ0 )Hv +

1
2

ks2γ +2 Hss


+ sup β(µ − r )v Hv + β k2 s2γ +1 v Hsv
β

+

1
2

2 2 2γ



β k s v Hvv ,
2

(2.6)

where Ht , Hv , Hs , Hvv , Hss , Hsv denote partial derivative of first and
second orders with respect to time, stock price and wealth parameters. It is easy to show that the optimal strategy β ∗ is given by

β∗ = −

(µ − r )Hv + k2 s2γ +1 Hsv
.
v k2 s2γ Hvv

(2.7)

Inserting (2.7) into (2.6), we obtain the following second order partial differential equation for the optimal value function H;

