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a b s t r a c t
Distance provides a comprehensible perspective for characterizing the difference between two objects in
a metric space. There are many measures which have been proposed and applied for various targets in
rough set theory. In this study, through introducing set distance and partition distance to rough set theory, we investigate how to understand measures from rough set theory in the viewpoint of distance,
which are inclusion degree, accuracy measure, rough measure, approximation quality, fuzziness measure,
three decision evaluation criteria, information measure and information granularity. Moreover, a rough
set framework based on the set distance is also a very interesting perspective for understanding rough
set approximation. From the view of distance, these results look forward to providing a more comprehensible perspective for measures in rough set theory.
 2011 Elsevier B.V. All rights reserved.

1. Introduction
Rough set theory proposed by Pawlak in [17] is a relatively new
soft computing tool for the analysis of a vague description of an object, and has become a popular mathematical framework for pattern recognition, image processing, feature selection, neuro
computing, conﬂict analysis, decision support, data mining and
knowledge discovery from large data sets [1–3,13,23,30,
39,42,44]. Rough-set-based data analysis starts from a data table,
called information tables. The information tables contain data
about objects of interest, characterized by a ﬁnite set of attributes.
It is often interesting to discover some dependency relationships
(patterns). An information table where condition attributes and
decision attributes are distinguished is called a decision table.
From a decision table one can induce some patterns in form of
‘‘if. . ., then. . .’’ decision rules [5,6,19,30]. More exactly, the decision
rules say that if condition attributes have given values, then decision attributes have other given values.
To date, many measures for uncertainty have been proposed in
rough set theory. As follows, for our further development, we
brieﬂy review several important measures. The concept of inclusion degree has been introduced into rough set theory, which is derived from the including measure among sets. Several authors have
established several important relationships between inclusion degree and measures of rough set data analysis [27,40]. In rough set
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theory, as three classical measures, approximation accuracy, rough
measure and approximate quality can be used to assess the roughness of a rough set and a rough classiﬁcation [7,17]. For any object
on a given universe, the membership function of the object in a
rough set can be derived by the inclusion degree between the
equivalence class including itself and a target concept, which can
construct a fuzzy set on the universe. Several authors have studied
the fuzziness of a rough set from various viewpoints [21,41]. In recent years, how to evaluate the decision performance of a decision
rule and a decision-rule set has become a very important issue in
rough set theory. There are two classical measures such as certainty measure and coverage measure [17]. In order to assess the
decision performance of a decision table, Qian et al. [20] proposed
three evaluation parameters a, b and c which are used to calculate
the entire certainty, the entire consistency and the entire support
of all decision rules from a given decision table. However, each of
the above measures is deﬁned by different forms, which is hard
to understand their sematic meanings. In other word, the uniform
characterization of these measures is desirable. As we know, the
concept of distance is a main approach to understand the difference between two objects in algebra, geometry, set theory, coding
theory and many other areas. Hence, in this study, we aims to propose the concept of set distance to characterize and redeﬁne each
of these measures in order to more easily comprehend their meanings. It is exciting that Pawlak’s rough set framework can be reconﬁgured using the set distance. This idea also can be used to
redeﬁned the variable precision rough set model proposed by
Ziarko [46]. These results will be very helpful for us to understand
the essence of rough set approximation. That is to say, it is a more
comprehensible perspective for measures in rough set theory.
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In addition, information entropy and information granularity are
two main approaches to characterizing the uncertainty of an information system [14,18,28,43,45]. In recent years, several various
forms of information entropy and information granularity have been
given in [13,14,28,43,45]. It is deserved to point out that when the
information granularity (or information entropy) of one equivalence
partition is equal to that of the other equivalence partition, these
two equivalence partitions have the same uncertainty. Nevertheless,
it does not mean that these two equivalence partitions are equivalent. That is to say, information entropy and information granularity
cannot characterize the difference between any two equivalence
partitions in a given information table. In fact, we often need to distinguish two equivalence partitions for uncertain data processing in
some practical applications. To date, how to measure the difference
between equivalence partitions has not been reported. To further
investigate uncertainty theory in the framework of rough set theory,
for this consideration, we will propose the concept of partition distance to calculate the difference between two partitions on the same
universe in this paper. In particular, we also reveal the essence of
deﬁnitions of information entropy and information granularity from
the viewpoint of partition distance.
The rest of this paper is organized as follows. Some preliminary
concepts in rough set theory are brieﬂy recalled in Section 2. In
Section 3, we introduce the concept of set distance to characterize
several important measures, which are inclusion degree, accuracy
measure, rough measure, approximation quality, several decision
evaluation parameters and the fuzziness measures of rough sets.
In addition, we employ the set distance for reconﬁguring the rough
set framework and the variable precision rough set model. In Section 4, we ﬁrst deﬁne the concept of partition distance to calculate
the difference between two partitions on the same universe, then
employ the partition distance to understand information entropy
and information granularity from the viewpoint of distance. Section 6 concludes this paper with some remarks and discussions.
2. Preliminary knowledge in rough sets
In this section, we review some basic concepts such as indiscernibility relation, partition, partial relation of knowledge and
decision tables in rough set theory.
An information table (sometimes called a data table, an attribute-value system, a knowledge representation system, etc.), as a
basic concept in rough set theory, provides a convenient framework for the representation of objects in terms of their attribute
values. An information table S is a pair (U, A), where U is a nonempty, ﬁnite set of objects and is called the universe and A is a
non-empty, ﬁnite set of attributes. For each a 2 A, a mapping
a : U ? Va is determined by a given decision table, where Va is
the domain of a.
Each non-empty subset B # A determines an indiscernibility
relation in the following way,

RB ¼ fðx; yÞ 2 U  UjaðxÞ ¼ aðyÞ; 8a 2 Bg:
The relation RB partitions U into some equivalence classes given by

U=RB ¼ f½xB jx 2 Ug; just U=B;
where [x]B denotes the equivalence class determined by x with respect to B, i.e.,

½xB ¼ fy 2 Ujðx; yÞ 2 RB g:
Given an equivalence relation R on the universe U and a subset
X # U. One can deﬁne a lower approximation of X and an upper
approximation of X by

RX ¼ fx 2 Uj½xR # Xg

and

RX ¼ fx 2 Uj½xR \ X – Øg;
respectively [15]. The ordered pair ðRX; RXÞ is called a rough set of X
with respect to R.
We deﬁne a partial relation  on the family {U/BjB # A} as follows: U/P  U/Q (or U/Q  U/P) if and only if, for every Pi 2 U/P, there
exists Qj 2 U/Q such that Pi # Qj, where U=P ¼ fP 1 ; P 2 ; . . . ; Pm g and
U=Q ¼ fQ 1 ; Q 2 ; . . . ; Q n g are partitions induced by P, Q # A, respectively. In this case, we say that Q is coarser than P, or P is ﬁner than
Q. If U/P  U/Q and U/P – U/Q, we say Q is strictly coarser than P
(or P is strictly ﬁner than Q), denoted by U/P  U/Q (or U/Q  U/P).
It is clear that U/P  U/Q if and only if, for every X 2 U/P, there
exists Y 2 U/Q such that X # Y, and there exist X0 2 U/P, Y0 2 U/Q
such that X0  Y0.
A decision table is an information table S = (U, C [ D) with
C \ D = Ø, where an element of C is called a condition attribute, C
is called a condition attribute set, an element of D is called a decision attribute, and D is called a decision attribute set. One can extract certain decision rules from a consistent decision table and
uncertain decision rules from an inconsistent decision table.

3. Set distance and some measures in rough sets
The concept of set closeness between two classical sets is used
to measure the degree of the sameness between sets. Let X and Y be
two ﬁnite sets, the measure is deﬁned by HðX; YÞ ¼ jX\Yj
(X [ Y – Ø).
jX[Yj
Obviously, the formula 1

HðX; YÞ ¼ 1

jX\Yj
jX[Yj

can characterize the

difference between two ﬁnite classical sets. In a broad sense, this
measure can be regarded as a generalized distance [22]. Using
the measure, one can obtain the following distance between two
ﬁnite classical sets.
Deﬁnition 1. Let X, Y are two ﬁnite sets. The distance between X
and Y is deﬁned as

jX \ Yj
;
jX [ Yj

dðX; YÞ ¼ 1

ð1Þ

where X [ Y – Ø.
From the deﬁnition of the distance, one can easily obtain the
following property.
Property 1. The distance d satisﬁes the following properties:
(1) d(X, Y) P 0;
(2) d(X, Y) = d(Y, X);
(3) d(X, Y) + d(Y, Z) P d(X, Z).
Proof. The three properties will be proved as follows.
(1) Obviously, jX [ Yj P jX \ Yj. Thus we have that,

dðX; YÞ ¼

jX [ Yj jX \ Yj
P 0:
jX [ Yj

(2) It is easy to know that jX [ Yj = jY [ Xj and jX \ Yj = jY \ Xj.
Therefore,

dðX; YÞ ¼

jX [ Yj jX \ Yj jY [ Xj jY \ Xj
¼
¼ dðY; XÞ:
jX [ Yj
jY [ Xj

(3) Given any a, b and c, and let 0 < b 6 a, c P 0. From
bþc
aþc

b
a

bÞ
¼ cða
P 0, it follows that ba 6 bþc
. Hence,
aðaþcÞ
aþc

