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a b s t r a c t

This paper proposes a statistical methodology for comparing the performance of evolution-
ary computation algorithms. A twofold sampling scheme for collecting performance data is
introduced, and these data are analyzed using bootstrap-based multiple hypothesis testing
procedures. The proposed method is sufficiently flexible to allow the researcher to choose
how performance is measured, does not rely upon distributional assumptions, and can be
extended to analyze many other randomized numeric optimization routines. As a result,
this approach offers a convenient, flexible, and reliable technique for comparing algorithms
in a wide variety of applications.

� 2008 Published by Elsevier Inc.

1. Introduction

Evolutionary algorithms (EAs) [1,9] are used to estimate the solution to difficult optimization problems. EAs are often
hand-crafted to meet the requirements of a particular problem because no single optimization algorithm can solve all prob-
lems competitively [19]. When alternative algorithms are proposed, their relative efficacies should be assessed. Because EAs
follow a stochastic process, statistical analysis is appropriate for algorithm comparison. This paper seeks to provide a general
methodology for comparing the performance of EAs based on statistical sampling and hypothesis testing.

Prior research in the statistical design and analysis of EAs has considered a variety of approaches. Based upon a large
number of experimental trials, Penev and Littlefair [12] demonstrate that the Free Search algorithm improves upon previous
results from a variety of stochastic competitors on several optimization problems. This comparison consists of defining a
number of performance metrics and computing average values for each algorithm. However, like many other evolutionary
computation studies, these results are not statistically analyzed and substantiated. Because of the large sample size and clear
observed differences in their results, we have no reason to doubt the specific findings of the Free Search study. Indeed, a sta-
tistical analysis of these data would likely add weight to the conclusions. In proposing a general framework for statistical
performance comparison of EAs and similar randomized optimization algorithms, we seek to provide an experimental
framework in which the results of similar studies may be assessed according to appropriate statistical tests.

Christensen and Wineberg [3] explain the use of appropriate statistics in artificial intelligence and propose non-paramet-
ric tests to verify the distribution of an EA’s estimate of a function’s optimal value. Flexer [8] proposes general guidelines for
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statistical evaluation of neural networks that can also be applied to EAs. Although a variety of non-parametric tests are avail-
able, these procedures are often limited to specific parameters of interest. For instance, the Mann–Whitney test (also called
Wilcoxon’s rank sum test [16]) may be used to assess the equality of two populations’ medians without requiring any infor-
mation about the data’s distribution. However, such a test is not easily adapted to other parameters, such as the mean dif-
ference between the two populations, the simultaneous comparison of more than two populations at once, or a simultaneous
test of both the median and another parameter of interest. Czarn [4] discuss the use of the analysis of variance (ANOVA) in
comparing the performance of EAs. Similarly, Castillo-Valdivieso et al. [2] and Rojas et al. [17] employ ANOVA methods to
optimize the parameter values in the design of improved EAs for specific optimizations, whereas Franc�ois and Lavergne
[10] rely upon a generalized linear model. However, these procedures all require distributional assumptions that are not nec-
essarily valid and also limit the class of performance metrics that can be used. Because EAs produce results according to com-
plex stochastic processes, often very little is known about the distribution of results across algorithmic trials. We seek to
address this problem by relying solely on empirical data generated from repeated trials of competing EAs. The proposed
methodology employs a bootstrap-based multiple hypothesis testing framework [6,5,15,13] that may be applied to any
parameter of interest, number of simultaneous hypotheses, and data distribution. The resulting procedure establishes an
experimental framework in which EAs may be compared based upon empirical data.

An EA’s initial population (Section 2) consists of a set of starting values for the evolution process. Most previous EA per-
formance comparisons have only considered results for a single initial population or even provided different inputs for each
algorithm studied. Supplying different single inputs to each EA may result in a founder effect, in which a population’s initial
advantage is continually propagated to successive generations. Furthermore, relying upon a single choice of initial popula-
tion can at best determine the plausibility of preferring one candidate EA to another given suitable initial conditions. We can
alleviate these issues by assessing relative performance over each of a representative sample of initial populations.

For each particular initial population sampled, two EAs may be compared by testing the null hypothesis of equal perfor-
mance according to a specified performance metric. Student’s t-statistics [11] are commonly used to test the equality of two
population means. However, the parametric t-test assumes that the data are normally distributed. If this assumption is not
valid, the resulting inference may not be meaningful. Therefore, we require a more general and objective framework for sta-
tistical performance comparison of EAs.

Because we are proposing a scientific method for performance comparison, it is important to design an effective exper-
iment that specifies how data are collected and analyzed. To collect data, we propose a twofold sampling scheme to perform
repeated EA trials at each of a representative sample of possible inputs. The candidate EAs’ efficacies are then assessed in a
multiple hypothesis testing framework that relies upon bootstrap resampling [6,5,15,13] to estimate the joint distribution of
the test statistics. This methodology establishes a procedure for EA comparison that can be considered general in the follow-
ing aspects: First, the results do not rely heavily on a single advantageous input. Second, the bootstrap-based testing proce-
dure is applicable to any distribution and requires no a priori model assumptions. Finally, this methodology can be applied to
essentially any function of the data collected, so the researcher is free to choose how performance should be evaluated. The
result is a general framework for performance comparison that may be used to compare EAs or other stochastic optimization
algorithms based upon empirical data.

The paper is organized as follows: Section 2 provides a brief introduction to EAs and presents a twofold sampling scheme
for data collection. Section 3 places performance comparison in a multiple hypothesis testing framework. Section 4 shows
how to use the bootstrap to estimate the test statistics’ underlying distribution. Section 5 introduces a variety of multiple
testing procedures. Section 6 provides an example comparing the performance of two EAs seeking to minimize Ackley’s func-
tion. Section 7 discusses further applications of statistics in EA performance comparison and concludes the paper.

2. Evolutionary algorithms and data collection

An EA’s cost (or objective) function is a map f : RD ! R to be optimized. Any candidate solution is specified by an individual
with a vector of genes (or traits, used interchangeably) y ¼ ðy1; . . . ; yDÞ. Each individual has a corresponding cost given by f ðyÞ.
Given a population of individuals, an EA uses evolutionary mechanisms to successively create offspring, or new individuals. The
evolutionary mechanisms often consist of some combination of selection, reproduction, and mutation operators. The selec-
tion mechanism ranks individuals by cost, determines which individuals shall produce offspring, and assigns individuals to
mating groups. Given a mating group, reproduction combines the genes of individuals within the mating group one or more
times to produce offspring. Finally, the mutation mechanism randomly alters the genetic profile of offspring immediately fol-
lowing conception.

An EA’s initial population (or input, used interchangeably) is a set of individuals that serve as starting values for the algo-
rithm, and its result is given by the minimum observed cost among all individuals produced in G generations. Once the evo-
lutionary mechanisms are specified, one ordered iteration of these processes in sequence is considered one generation, and
the evolution process proceeds for a user-specified number of generations G 2 Zþ.

An EA’s result is determined by a stochastic process with two sources of variation: the initial cost and the algorithm’s
improvements to this cost produced by G generations of the random evolution process. Because an EA’s result depends both
on its initial cost and its efficacy given this initial population, a sample of result data should be collected in a twofold sampling
scheme: we first generate a representative sample of initial populations, and then, for each of these inputs, we perform a
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