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Abstract
This study considers a multi-stage multi-item production plant with its supply chain and customer environment. The production, supply
and inventory plan is optimized on a dual-mode basis, under two di0erent information patterns. The short-term plan relies on 1rm orders
received from customers. On the contrary, the long-term plan is based on predicted demands represented by random sequences. In this
study, the role of the long-term plan is mainly to impose a 1nal condition set to the short-term plan.
? 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction
A major di:culty in production planning relates to the
choice of the time horizon. As a medium-range tactical tool
for a company, a production plan should provide reference
production values over time not only to satisfy the current
order list from customers, but also to anticipate future orders
which have not yet been placed. Accordingly, the planning
time horizon is generally selected longer than the horizon
for which the data are considered frozen. Future demands
which are expected or imperfectly known at the time of
computation are replaced by their forecasts (see e.g. Thomas
& McClain, 1993 and the references therein).
Due to the heterogeneity of its input data, the planning
problem may then be decomposed into two subproblems:
one which is deterministic over a short-range horizon and
one which is stochastic and covers a longer time horizon.
However, such a decomposition generates an additional
problem: when and how to link up and sequence the solutions of the two problems? In agreement with this observation, this paper proposes to solve the in1nite horizon
planning problem in two parts:
(i) Resolution of a 1nite horizon production planning
problem under deterministic demand and a terminal
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constraint. For the considered product structures, this
problem can be formulated and solved as a Linear
Program.
(ii) Construction of a stationary production and supply policy to optimally react to bounded random variations of
demand for end products, through a robust closed-loop
inventory control policy.
Under a rolling horizon implementation of the plan, only
the 1nite horizon solution is applied, but the terminal constraint, associated with feasibility of the closed-loop policy, guarantees system stability and optimality with respect
to the in1nite horizon problem. Such a stability condition
combined with a 1nite-horizon rolling policy is somewhat
similar to the one encountered in model predictive control (MPC) schemes (Mayne, Rawlings, Rao, & Scockaert,
2000).
The closed-loop control approach used in this paper recovers most of the classical results on optimal inventory
policies for multi-echelon systems (Clarke & Scarf, 1960;
Federgruen & Zipkin, 1984; Porteus, 1991). It is based on
similar assumptions in terms of production costs, assumed
proportional to quantities, and in terms of lead times, supposed 1xed or random, but independent of the quantities
produced or ordered. In this respect, the main originality
of the approach proposed is that it considers general multiproduct structures directly, through vector and matrix representations, rather than as an extension of the single period
single item model.
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The remainder of the paper is organized as follows.
Section 2 presents the equations and constraints de1ning
the model. Then, Section 3 describes the optimization problem and focuses on the resolution of the in1nite horizon
planning problem. It is proposed to construct an invariant
domain in which the system trajectory can be maintained
under any admissible demand vector trajectory. This invariant domain is then used as a target domain in the short-range
planning problem studied in Section 4. Section 5 presents
an example to illustrate the approach, and the 1nal section
contains some concluding remarks.

that the product structure has no cycle. It can then be decomposed into levels: level 1 products are the p end products, numbered from 1 to p. Then, intermediate and primary
products are numbered in the increasing order of their level.
The level of product i, for i = p + 1; : : : ; n is the maximal
number of stages to transform product i into a 1nal product.
Matrix  is lower triangular under such a level-consistent
ordering of products.
Let d be the nonnegative vector of external demands over
a given time period. The gross production/supply vector, u,
necessary to satisfy this demand is related to d through the
following Leontief-type equation (Veinott, 1969):

2. The production and supply model

(I − )u = d:

Most of the literature on inventory theory under stochastic demand and 1xed lead times (Porteus, 1991) 1rst solves
the single-stage case, extends the classical base stock policy
result to series multi-echelon structures, using the decomposition proposed in Clarke and Scarf (1960), and then to
assembly systems, by constructing an equivalent series system (Rosling, 1989). In particular, this approach allows to
determine conditions on initial stocks under which an assembly system can be transformed into an equivalent series system (Federgruen, 1993). More complex multi-stage product
structures can be represented by acyclic graphs which are
neither trees nor anti-trees. The purpose of this study is to
construct a dynamic model for such systems and to design
a production and inventory control policy directly from this
model. Typically, the considered product structure involves
primary products, ordered to suppliers, intermediate products internally produced and consumed, and 1nal products
delivered to customers.
The production planning problem is considered at the aggregate level where products are aggregated into product
types and time periods are much longer than setup times.
Under such assumptions, demand, production and inventory
quantities at each period take large integer values which can
be accurately approximated by real numbers (see e.g. Bitran
& Tirupati, 1993). Practical implementation of results of the
aggregate plan then require a disaggregation process, not
studied in this paper.

The structure of the net production matrix (I − ) implies
that its inverse exists and is nonnegative. Thus, vector u is
uniquely de1ned by

2.1. The bill of materials
According to a given manufacturing recipe, the production of one unit of product i requires the combination of
components j = 1; : : : ; n in quantities ji , for j = 1; : : : ; n. In
the considered production structure, each production activity has several input products but only one output product.
The bill of materials can thus described by
• the input matrix  = ((il )) ∈ Rn×n ,
• the output matrix, which is the identity matrix I ∈ Rn×n .
Such product structures typically characterize the 1eld of
application of MRP techniques. Classically, it is assumed

u = (I − )−1 d:

(1)

(2)

Note that matrix (I − )−1 is the sum of the powers of
matrix . If all the terms of  are nonnegative integer, as
it is generally the case, then (I − )−1 is also a matrix
of nonnegative integers. And thus, since the entries of d
are nonnegative integers, the entries of vector u are also
nonnegative integers.
The bill of materials de1ned by (2) provides a static
view of the system material requirements over a given time
horizon. In the following section, a dynamic model will be
constructed to formulate the aggregate planning problem,
taking into account product lead times, inventory levels and
capacity constraints.
2.2. The dynamic model
In addition to the quantitative description of the process
by its bill of materials, the model of the system must include the logical aspects of inputs availability. There are
two basic methods to guarantee the availability of inputs
as a pre-condition to production: inventories and synchronization of orders. In practice, few processes run on a pure
make-to-stock or make-to-order basis. On the one hand, the
need for stocks appears very clearly to limit delays or lost
sales when considering the random aspects of demands for
1nal products and lead times. But reactivity and low costs
also impose to adjust orders to demands in time and quantity.
This is a reason why nowadays, most practical production
control systems, including Kanban and MRP, use a combination of the two basic methods.
A long-term time horizon, denoted TL is considered. Time
is discretized into periods of equal lengths. The planning
time horizon is divided into elementary time periods k, with
k = 0; 1; : : : ; TL . From the demand prediction viewpoint, the
horizon is decomposed into two parts. Demands are supposed perfectly known from time period 0 to a short-range
date, denoted TS , with TS TL and predicted after this date,

