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Abstract-we
study the ergodic control problem related to stochastic production planning in a
single product manufacturing system with production constraints. The existence of a solution to the
corresponding Hamilton-Jacobi-Bellman
equation and its properties are shown. Furthermore,
the
optimal control for the ergodic control problem and an example are given.@ 2000 Elsevier Science
Ltd. All rights reserved.
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1. INTRODUCTION
This paper deals with the following first-order nonlinear differential equation:
-i~(x,i)+Aw(x,i)+h(x),
Here, X is a constant, F(x)

x E R1,

i=1,2

)...)

d.

(1)

= kx if x < 0, = 0 if x 2 0 for some positive constant k > 0, h

is a convex function, and A denotes the infinitesimal generator of an irreducible Markov chain
(z(t), P) with state space 2 = {1,2,. . . , d},
A+,

i) = c q&(x,j)
j#i

- v(x, i)],

(2)

where qij is the jump rate of z(t) from state i to state j. The unknown is the pair (II, A), where
w(.,i) E C’(R1) for every i E 2.
Equation (1) arises in the ergodic control problem of stochastic production planning in a
single product manufacturing system and is called the Hamilton-Jacobi-Bellman (HJB) equation
or dynamic programming equation. The inventory level s(t) of stochastic production planning
modelled by Sethi and Zhang [l, Section 3.5, p. 50) is governed by the differential equation

dx(t)
- dt = p(t) - da
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for production rate 0 I p(t) 5 k, in which z(t) and k are interpreted as the demand rate and
capacity level, respectively. For the ergodic control problem, the cost J@(e) : rc,i) associated
with p(e) is given by

J(p(.) : z, i) = lim sup LE
T-co

l+(t))

dt 1z(O) = 2, z(0) = i

T

1
,

where h(z) represents the convex inventory cost.
The purpose of this paper is to show the existence of a solution to the HJB equation (1) and
to present the optimal control minimizing the cost J@(e)

: z, i) subject to (3).

In the control

problem of stochastic production planning with discounted rate a > 0, Bensoussan et al. [2],
Fleming et al. [3], and Sethi et al. [4] have investigated the HJB equation

For the ergodic control problem, we study the limit of (5) as a tends to 0, and investigate a solution
to the degenerate HJB equation (1). This approach develops the technique of Bensoussan and
Frehse [5] concerning nondegenerate second-order partial differential equations to our degenerate
case.
Section 2 is devoted to the existence problem of the HJB equation (1) under the convexity
assumption and others on h, and properties of the solution are shown in Section 3. In Section 4,
an optimal control for the ergodic control problem and the value are given. In Section 5, we
present an example of the solution to the HJB equation (l), and the optimal control and the
value are given.

2. EXISTENCE
We are concerned with the equation
i E 2,

(6)

and make the following assumptions:
h(z) is nonnegative and convex on R1,

(7)

3C > 0; h(z) I C(l + I@)

(8)
(9)

for some positive integer K,

k-d>O.
Th en, there exists a unique convex solution ~~(.,i)
i E 2, of equation (6) such that

THEOREM
Cl(@),

2.1. We assume (7)-(g).

IIA~+)IIL-(I~)

I &,

i E 2,

E

(12)

where K,. is a positive constant depending only on r of I, = (-r, r).

PROOF. According to Sethi and Zhang [l, Theorem 3.1, p. 401, equation (6) has a viscosity
solution [6, Definition 4.1,p. 641given by
u&i)

=

inf
P(.)EP(Gi)

emath(z(t)) dt I z(O) = z, z(0) = i

,
I>

