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On-line algorithms for computing mean and variance
of interval data, and their use in intelligent systems
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Abstract
When we have only interval ranges ½xi ; xi  of sample values x1, . . . , xn, what is the interval ½V ; V  of possible values for the
variance V of these values? There are quadratic time algorithms for computing the exact lower bound V on the variance of
interval data, and for computing V under reasonable easily veriﬁable conditions. The problem is that in real life, we often
make additional measurements. In traditional statistics, if we have a new measurement result, we can modify the value of
variance in constant time. In contrast, previously known algorithms for processing interval data required that, once a new
data point is added, we start from the very beginning. In this paper, we describe new algorithms for statistical processing of
interval data, algorithms in which adding a data point requires only O(n) computational steps.
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1. Introduction: data processing in intelligent systems – from probabilities to intervals
1.1. Let us start with a big picture
Before we describe a speciﬁc problem that we solve in this paper, let us ﬁrst describe how, in our view, this
problem ﬁts into a big picture of information processing in intelligent systems. Readers who are familiar with
this big picture and/or who are only interested in our technical results can skip this subsection.
One of the main speciﬁc features of information processing in intelligent systems is that in such systems, we
often have very limited knowledge. As a result, processing of imprecise information is necessary in intelligent
systems.
A typical example is the processing of linguistic information, i.e., information represented by experts in
terms of words from a natural language. This information can be modeled, e.g., by fuzzy sets (see, e.g.,
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16,25). For such modeling, when an expert states that a value is, say, small but not very small, we describe this
expert information in terms of an appropriate fuzzy set.
A particular case of such a statement is when an expert states that the actual value is between, say, 0.1 and
0.3. After such a statement, the only information about the actual (unknown) value of the desired quantity is
that it belongs to the interval [0.1, 0.3] – and each interval (and, more generally, each set) can be viewed as a
particular example of a more general concept of a fuzzy set.
Since the knowledge about each quantity is represented in such a form, it is necessary to be able to develop
inference procedures for such observations. Mathematical analysis of this problem is therefore crucial for
designing intelligent systems. In this paper, we analyze an important particular case of this set-valued data.
Speciﬁcally, in this paper, we investigate the computational aspects of processing interval-valued data. Let
us now describe our problem and its motivation in more detail.
1.2. Why data processing?
In intelligent systems, there are at least two sources of information about physical quantities: measurements
and expert estimates.
In many real-life situations, we are interested in the value of a physical quantity y that is diﬃcult or impossible to measure directly and diﬃcult for experts to estimate. Examples of such quantities are the distance to a
star and the amount of oil in a given well.
Since we cannot measure or estimate the value y of the desired physical quantity directly, a natural idea is to
measure or estimate y indirectly. Speciﬁcally, we ﬁnd some easier-to-measure or easier-to-estimate quantities
x1, . . . , xn which are related to y by a known relation y = f(x1, . . . , xn). For example, to ﬁnd the resistance R, we
measure or estimate current I and voltage V, and then use the known relation R = V/I to estimate resistance as
e ¼ Ve =eI . This relation may be a simple functional transformation, or a complex algorithm (e.g., for the
R
amount of oil, a numerical solution to an inverse problem). It is worth mentioning that in the vast majority
of these cases, the function f(x1, . . . , xn) that describes the dependence between physical quantities is continuous. In such cases, to estimate y, we ﬁrst measure or estimate the values of the quantities x1, . . . , xn, and then
we use the results e
x1; . . . ; e
x n of these measurements or estimates to compute an estimate ~y for y as
~y ¼ f ðe
x1; . . . ; e
x n Þ.
Comment. In this paper, for simplicity, we consider the case when the relation between xi and y is known
exactly; in practical situations, we often only know an approximate relation between xi and y.
1.3. Why interval computations? From probabilities to intervals
Neither measurements nor estimates are 100% accurate, so in reality, the actual value xi of quantity i can
diﬀer from the result xei obtained by measurement or by estimation. Because of these measurement (estimation)
def
errors Dxi ¼ xei  xi , the result ~y ¼ f ðe
x1; . . . ; e
x n Þ of data processing is, in general, diﬀerent from the actual value
def
y = f(x1, . . . , xn) of the desired quantity y [29]. It is desirable to describe the error Dy ¼ ~y  y of the result of
data processing. To do that, we must have some information about the errors of direct measurements and/or
estimates.
What do we know about the errors Dxi related to expert estimation? Often, an expert can provide bounds xi
and xi for the estimated quantity xi. Then, the actual (unknown) value of xi belongs to the interval xi ¼ ½xi ; xi .
Often, these bounds come in the form of an unsigned error estimate Di on the expert’s estimation accuracy: for
example, an expert may say that the actual ﬁsh population in a lake is 50,000 ± 20,000. In this case,
xei ¼50,000, Di = 20,000, so xi ¼ xei  Di and xi ¼ xei þ Di .
Comment. For readers who may be interested in how the above description is related to fuzzy sets, here is an
explanation. Often, in addition to (or instead of) the bounds, an expert can provide bounds that contain xi
with a certain degree of conﬁdence (not necessarily represented by a probability). Often, we know several such
bounding intervals corresponding to diﬀerent degrees of conﬁdence. Such a nested family of intervals is also
called a fuzzy set, because it turns out to be equivalent to a more traditional deﬁnition of fuzzy set [6,16,23–25]

