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Abstract
The stochastic resonance (SR) characteristics of a single bistable system and two bistable systems connected in series
with small and large parameters have been investigated, respectively. The viewpoint is that a single bistable system is better
than a cascaded bistable system in detecting a weak periodic signal in frequency domain, and that, in time ﬁeld, a cascaded
system can detect a more beautiful waveform of either a periodic or an aperiodic weak signal. However, for some detection
of a special signal, the periodic pulse for instance, a single bistable system is of great beneﬁt to the signal extraction in time
domain. It can provide some important information properties that are hardly obtained in frequency spectrum. Two
examples of detecting a weak signal embedded in strong noise are presented in the end to illustrate that a single bistable
system and a cascaded bistable system are both powerful tools for signal processing.
r 2005 Published by Elsevier Ltd.
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1. Introduction
Stochastic resonance (SR) [1–6] phenomenon has been extensively paid attention to in ﬁelds such as weak
signal detection [4], neural information coding [5], etc. It relates to a wide variety of physical systems [6,7],
including monostable systems, multistable systems, and threshold systems. SR is commonly described as an
increase in the signal-to-noise ratio (SNR) at the output of a non-linear dynamic system. This is obtained by
varying the input noise level, but keeping the input modulation signal. In the background of a frequency ﬁeld,
SR means that, when a sinusoidal driving force mixed with noise is inputted into a non-linear system, a
maximum spectral spike at the driving frequency of the system response spectrum can be viewed through
varying the noise intensity. However, in some cases, especially for the detection of weak pulse or aperiodic
signal, signal processing in time domain is necessary. To some extent, time waveform can reﬂect the dynamic
behaviour of the tested object directly.

Corresponding author. Tel.: +86 22 27408118; fax: +86 22 27408118.

E-mail address: zeyangang@tdme.tju.edu.cn (Y.-g. Leng).
0888-3270/$ - see front matter r 2005 Published by Elsevier Ltd.
doi:10.1016/j.ymssp.2005.08.002

ARTICLE IN PRESS
Y.-g. Leng et al. / Mechanical Systems and Signal Processing 21 (2007) 138–150

139

At present, there has been a large amount of literature of SR study with a single bistable system on the
ampliﬁcation and recognition of a weak periodic signal [4,8–11]. Especially in the extraction of a weak
sinusoidal signal submerged in strong noise, by the mechanism of the scale transformation stochastic
resonance (STSR) [12,13] proposed by our group, we extend the traditional small parameter SR into large
parameter SR. However, only a few documents [14] of SR discussion with two or more bistable systems
connected in series exist in the research ﬁeld. In the present work, the SR properties of a single bistable system
and bistable systems connected in series will be investigated in detail. To further illustrate the function of
bistable SR in signal processing in time ﬁeld, under the condition of large parameters, an investigation is led to
a comparable practical application, i.e., weak signal detection using both a single bistable system and a
cascaded bistable system, in order to lay a foundation for the engineering application of the technique.
2. The SR of a single bistable system
The three basic ingredients of producing SR phenomenon are a bistable or multistable system, a weak
coherent input (such as a periodic signal) and a source of noise that is inherent in the system, or that adds to
the coherent input. For a convenient description, consider the overdamped motion of a Brownian particle in a
bistable potential in the presence of noise and periodic forcing
dx=dt ¼ U 0 ðxÞ þ a sinð2pf 0 t þ jÞ þ nðtÞ,

(1)

where UðxÞ denotes the reﬂection-symmetric quartic potential
UðxÞ ¼ 12mx2 þ 14x4 .

(2)

Then Eq. (1) can be written as
(3)
dx=dt ¼ mx  x3 þ a sinð2pf 0 t þ jÞ þ nðtÞ,
pﬃﬃﬃﬃﬃﬃﬃ


where nðtÞ ¼ 2DxðtÞ with nðtÞnðt þ tÞ ¼ 2DdðtÞ and noise intensity D, xðtÞ presents a zero-mean, unit
variance Gaussian white noise, m is a real parameter, a is the periodic signal amplitude and f 0 is the
modulation frequency. Eq. (3), a bistable system subject to sinusoidal signal and white noise, is the non-linear
Langevin equation for one variable. For convenience,
let j ¼ 0. Asymptotically t0 ! 1, the memory of the

initial conditions gets lost and the mean value xðtÞjx0 ; t0 becomes a periodic function of time. For small
amplitudes, the response of the system to the periodic input signal can be written as
hxðtÞias ¼ x̄ sinð2pf 0 t  j̄Þ

(4)

with amplitude x̄ and a phase lag j̄ which have approximate expressions, respectively, as
x̄ ¼

mE½x2 
rk
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ,
D
r 2 þ p2 f 2
k

(5a)

0

j̄ ¼ arctanðpf 0 =rk Þ,
where rk is Kramers rate [2]
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(5b)

(5c)

and hx2 i0 is the D-dependent variance of the stationary unperturbed system (A0 ¼ 0)). DU is the height of
potential barrier between wells. In terms of [2,15], the most important feature of the amplitude x̄ is that it
depends on the noise strength D, i.e., from Eq. (5) the amplitude x̄ ﬁrst increases with increasing noise level,
reaches a maximum, and then decreases again. This is the celebrated SR effect shown in Fig. 1. At a closer
inspection of Fig. 1, it is also important to note that the variation of the frequency f 0 at ﬁxed D does not yield
a resonance-like behaviour of the response amplitude. The behaviour of x̄ versus increasing f 0 at ﬁxed D is
generally that of a monotonically decreasing function. The response amplitude x̄ becomes very small with the
increase of f 0 . This point illustrates that SR phenomenon requires a low driving frequency, i.e., small
parameter frequency.

