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a b s t r a c t
The review of construction engineering and management literature shows that the occurrence of multiperformance indices in stochastic simulation models have been treated the same way as the occurrence
of a single performance index. By doing so, the correlation between these indices and the impact they
have on each other are ignored. Their occurrences have been treated as disjoint, which leads to errors
in evaluating the probabilities of the performance indices of these models. The objectives of this paper
are to present a new method that can: (1) quantify the impact of uncertainty on the project schedule
and cost simultaneously; (2) calculate the conditional probability of the project cost given a speciﬁc project duration, and vice versa; (3) ﬁnd the best project duration and cost that meet a speciﬁc joint probability; (4) estimate the project schedule and cost joint contingency using joint probability; and (5)
generate a schedule representing a speciﬁc joint probability. The paper presents the implementation
details and several case studies to demonstrate the feasibility of the proposed method. The proposed
method shall provide a more accurate analysis to the output of stochastic simulation.
Ó 2015 Elsevier Ltd. All rights reserved.

1. Introduction
Simulation is used to model and analyze real-world systems by
mimicking their behavior in a virtual environment [26]. Simulation
models capture and represent the knowledge available about the
modeled system. The models’ settings, input data, and simulation
output represent additional information regarding the behavior
of the modeled system. Understanding, analyzing, exchanging
and reusing this knowledge, will lead to reliable decision-making.
However, the complexity and the uncertainty of construction operations, and the limited knowledge of the behavior of the operations
under different combinations of resources make it impossible to
describe such operations using a closed form formula. Therefore,
discrete event simulation can be used to model the complexity of
the construction operations while the uncertainty can be modeled
by incorporating stochastic durations and/or costs into a discrete
event simulation model or into a Monte Carlo schedule network.
One of the main uses of simulation in the ﬁeld of construction engineering and management is estimating the performance of stochastic simulation models and schedule networks; therefore, the
rest of this paper is focused on stochastic simulation models and
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schedule networks with multiple correlated performance indices,
such as duration and cost.
Traditionally, a model is evaluated in terms of the mean value of
each performance index separately. The focus is usually on quantifying the impact of uncertainty on the project schedule
[29,49,4,40]. This approach provides insight on the probability of
completing the project within a speciﬁc duration. In multi-performance indices models ([50,19,33,27,34]), the performance of a
model is represented by the duration and cost values as a pair.
However, these values are found by explicitly averaging the durations and costs of simulation replications without regard to their
simultaneous occurrence. In addition, when comparing the performance of the model under different probabilities of occurrence,
each performance index is separately assessed. The current practice does not provide any information on the probability of the project cost given a speciﬁc project duration, and vice versa. Without
this information, the decision maker cannot quantify the impact of
selecting a project duration meeting a probability of occurrence on
the project cost, and vice versa. That is, the correlation between the
duration and cost is not examined and the impact each performance index has on the other index is ignored. Due to the fact that
there is a correlation between the project duration and cost, the
analysis of the model performance must consider the simultaneous
occurrence of the project duration and cost through the use of joint
probability [14,48]. The current practice is valid only if a perfect
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correlation between the project duration and cost exists, and the
marginal and joint distributions follow a normal distribution.
However, this is not always the case for construction projects.
In addition, a speciﬁc pair of performance indices selected based
on the traditional approach is not necessarily achievable. The
results of simulation replications may not generate a replication
that has the same performance indices pair. The achievable performance indices’ values for that model could be higher or lower than
the values of the performance indices pair. Even if a speciﬁc performance pair is generated by the simulation replications, there is no
method available for tracing this pair in order to generate the schedule of that pair. Therefore, there is a need for an analytical method
to overcome these shortcomings. The objectives of this paper are
to: (1) develop a method for considering the joint probability in
construction simulation and quantifying its impact on the project
duration and cost; (2) calculate the conditional probability of the
project cost given a speciﬁc project duration, and vice versa; (3)
ﬁnd the best project duration and cost that meet a speciﬁc joint
probability; (4) estimate the project schedule and cost joint contingency using joint probability; and (5) generate a schedule representing a speciﬁc joint probability. Applying this method is
expected to have a noteworthy impact on reducing project risk
and providing the decision makers with more accurate and useful
information to plan and manage their projects.
2. Background
2.1. Stochastic simulation
Simulation can determine the output of a system based on the
variations in the input to a system [18]. Simulation has been used
in many ﬁelds such as supply chain [20], transportation [17], ﬂuid
dynamics [45], design optimization [47]; power systems [10], and
biology [44]. Simulation in construction has been used for planning
and resource allocation [2], comparing the outcome of alternative
construction methods [41], analyzing earthmoving operations
[35,32] and bridge construction operations [43]. Several methods
have been proposed to collect the input data of the simulation
models and generate probabilistic distributions to represent the
stochasticity and correlation of these data [1,9,14,42,48]. Several
researchers in the construction management ﬁeld stated that time
and cost are correlated [14,48]. Although there have been several
advancements in construction simulation such as agent-based simulation [24], and automated knowledge discovery and data-driven
simulation [3], the multiple performance indices obtained as the
output of a simulation model are still treated as independent variables. Therefore, there is a need for a method that describes, analyzes and represents the knowledge of this correlation using joint
probability.
Simulation can be either deterministic or stochastic. A deterministic simulation returns the same performance value for a speciﬁc conﬁguration of decision variables whenever that
conﬁguration is evaluated as shown in Fig. 1(a). Whereas a stochastic simulation returns a different performance value every
time a speciﬁc conﬁguration of decision variables is evaluated as
shown in Fig. 1(b).
The typical method of evaluating the performance of stochastic
simulation models is by performing a number of simulation replications (N) [14,7]. The purpose of these replications is to capture
the uncertainty and to obtain a good conﬁdence level in the evaluation of a solution’s performance.
A stochastic simulation can be described as [7]:

JðhÞ ¼ E½Lðh; xÞ

ð1Þ

where JðhÞ is the mean value of the model performance, h is a vector of
all the decision variables, x is a simulation replication with a certain
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Fig. 1. Deterministic vs. stochastic simulation.

uncertainty, L(h, x) is the performance value with uncertainty using
simulation, E is an expectation of the performance value. L(h, x) can
represent the cost or the duration of an operation. Since one simulation replication is not representative of a stochastic simulation
model, several replications must be made to obtain a sound estimate
of E[L(h, x)]. The sample mean is the standard approach to estimate
E[L(h, x)] as shown in the following equation [7]:

JðhÞ ¼

N
1X
Lðh; xj Þ
N j¼1

ð2Þ

where xj is the j-th simulation replication.
2.2. Joint probability of bivariate discrete random variables
Joint probability has been used in several applications such as
integrated cost-schedule risk analysis [21,22,8], ﬂood frequency
analysis [23], system reliability analysis of ﬂexible pavements
[11], estimating extreme sea levels [28], and failure analysis of a
series structural system [51].
When a stochastic experiment is performed, the outcomes of
this experiment are: (1) the solution space which represents all
the possible outcomes of the experiment and (2) the probability
assigned to each outcome of that experiment. Each outcome can
have one or more performance values. The stochastic experiment
outcome is called univariate random variable, bivariate random
variables, or multivariate random variables, which reﬂects a single
performance value, two performance values, or more than two performance values, respectively. For example, the duration and cost
of a project alternative are considered bivariate random variables
in a time–cost tradeoff problem.
There are two main types of random variables: discrete random
variables and continuous random variables. A discrete random variable is the variable that can take a ﬁnite or a countable number of
values, while a continuous random variable can take any value in
an interval [5]. The method of calculating the probability of an outcome of an experiment depends on the number of random variables. For the purpose of this paper, ﬁnding the joint probability
of bivariate discrete random variables is the main interest. However, the concept can be extended to include multivariate random
variables.

