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Partitional clustering algorithms, which partition the dataset into a pre-deﬁned number of clusters, can
be broadly classiﬁed into two types: algorithms which explicitly take the number of clusters as input
and algorithms that take the expected size of a cluster as input. In this paper, we propose a variant of the
k-means algorithm and prove that it is more efﬁcient than standard k-means algorithms. An important
contribution of this paper is the establishment of a relation between the number of clusters and the size
of the clusters in a dataset through the analysis of our algorithm. We also demonstrate that the
integration of this algorithm as a pre-processing step in classiﬁcation algorithms reduces their runningtime complexity.
& 2009 Elsevier Ltd. All rights reserved.
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1. Introduction
Clustering, the process of grouping similar patterns together,
ﬁnds application in pattern analysis, decision making and various
machine learning problems. Clustering algorithms [1] can be
broadly classiﬁed into hierarchical and partitional clustering
algorithms. Hierarchical algorithms, as the name suggests,
produce a hierarchy of clusters. Agglomerative hierarchical
clustering algorithms initially treat each pattern as a separate
cluster and merge clusters recursively based on their distance
from each other until a single cluster containing all the patterns is
obtained. Divisive hierarchical algorithms start with a single
cluster containing all the patterns and recursively divide the
cluster till each cluster comprises a single pattern. Partitional
clustering algorithms partition the dataset into a pre-deﬁned
number of clusters. They can further be classiﬁed into two
categories based on their input parameters: algorithms which
explicitly take the number of clusters k as input and algorithms
that take as input, a threshold t on the radius of the clusters which
indirectly determines the number of clusters. k-means and kmedoids are examples of algorithms in the ﬁrst category.
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Algorithms like Leader, DB-Scan, etc., fall in the second
category.
In this paper, we propose the two-level k-means clustering
algorithm, a variant of the MacQueens k-means algorithm. It
takes t as input and initially partitions the dataset into a
predeﬁned k0 (k0 ok) number of clusters. It then reﬁnes these
clusters using the threshold t to generate k clusters. We show
both analytically and empirically that our algorithm requires
lesser number of distance computations than standard k-means
algorithms and hence gives better time performance. We establish
a relationship between t and k through the analysis of our
algorithm which forms a bridge between the two types of
partitional clustering algorithms. We also establish a bound on
the clustering error of our algorithm.
We ﬁnally present a generic scheme for the integration of the
two-level k-means algorithm into classiﬁcation algorithms. We
prove that this integration renders the running time complexity of
the classiﬁcation algorithm linear. We integrate our algorithm in
Support Vector Machines and k-NN classiﬁer and thus demonstrate that better time performance is achieved.

2. Background
In this section, we present a brief introduction to the k-means
problem and associated k-means clustering algorithms that the
proposed algorithm is based on.
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2.1. k-Means algorithm
The k-means problem is to determine k points called centers so
as to minimize the clustering error, deﬁned as the sum of the
distances of all data points to their respective cluster centers. The
most commonly used algorithm for solving this problem is the
Lloyd’s k-means algorithm [2,3] which iteratively assigns the
patterns to clusters and computes the cluster centers.
MacQueens k-means algorithm [4] is a two-pass variant of the
Lloyd’s k-means algorithm:
1. Choose the ﬁrst k patterns as the initial k centers. Assign each
of the remaining N  k patterns to the cluster whose center is
closest. Calculate the new centers of the clusters obtained.
2. Assign each of the N patterns to one of the k clusters obtained
in step 1 based on its distance from the cluster centers and
recompute the centers.
Analysis: Distance computation is the only time-consuming
operation in this algorithm. So, we focus on the number of
distance computations performed.
In step 1, the number of distance computations needed is given
by kðN  kÞ. The number of distance computations in step 2 equals
Nk. This implies that the total number of distance computations
equals kðN  kÞ þ Nk ¼ 2Nk  k2 and the complexity is OðNkÞ.

3. Related work
Our two-level k-means algorithm belongs to the class of multilevel clustering algorithms. These techniques essentially involve
the following generic steps:

 divide the given dataset into blocks,
 cluster each block separately into a predeﬁned number of
clusters, and

 cluster the cluster centers obtained from all the blocks into the
required number of clusters.
Multi-level clustering enables easier handling of large datasets
since only one block needs to be held in the memory at any time.
The divide-and-conquer strategy employed allows parallelization
which, in turn, increases the clustering speed. Also, different
clustering algorithms can be adopted at different levels allowing
the incorporation of domain knowledge.
Algorithm Small-Space [5] arbitrarily partitions the input
dataset w into l blocks. Each block is clustered into k clusters. A
second level dataset w0 is formed from the OðlkÞ cluster centers,
each weighted by the number of patterns assigned to it. w0 is then
clustered into k clusters. This can be extended to multiple levels. It
has been proved that the clustering error of the solution obtained
through Algorithm Small-Space is a constant-factor approximation
of the clustering error of the optimal clustering algorithm.
Clustering algorithms have been employed to improve the
efﬁciency of different classiﬁers. We apply our clustering-based
classiﬁcation technique to Support Vector Machines and the kNNC classiﬁer.
Clustering-based SVM (CB-SVM) [6] integrates BIRCH [7], a
hierarchical micro-clustering algorithm into SVM. CB-SVM reduces the number of training patterns that are input to SVM by
ﬁrst clustering the dataset using BIRCH and identifying the
patterns that will contribute to the learning process. Empirical
results show that CB-SVM achieves a signiﬁcant reduction in the
training time and improvement in test accuracy.
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Zhang and Srihari [8] construct a Cluster Tree for the given
data. The tree is traversed top-down based on the similarity
between the test pattern and the nodes at each level to determine
the k -nearest neighbors of the test pattern. The class of the test
pattern is then determined by majority voting.

4. Two-level k-means clustering algorithm
In this section, we present the two-level k-means clustering
algorithm (see Fig. 1). We prove that it requires lesser number of
distance computations than MacQueens k-means algorithm.

Fig. 1. Two-level k-means clustering algorithm.

Further analysis establishes the relationship between the
number of clusters in the dataset and the expected size of each
cluster. We then prove that its clustering error is less than twice
the error of the optimal clustering algorithm.
n
Inputs: Dataset w ¼ fxi gN
i ¼ 1 , xi A R ; Radius threshold t
Algorithm:
1. In the ﬁrst level, cluster the given dataset into an
arbitrarily chosen k0 number of clusters.
2. Calculate the radius ri ði ¼ 1; 2; . . . ; k0 Þ of the ith cluster.
3. If the radius of the cluster is greater than the user-deﬁned
threshold t, split it using k-means with the number of
clusters set to ðri =tÞn . This is the second level of clustering
which yields a total of k clusters, each having a radius less
than t.

4.1. Analysis
4.1.1. Bound on number of distance computations
We are given a dataset w ¼ fx1 ; x2 ; . . . ; xN g where xi A Rn are
independent samples, all drawn from the same distribution (see
Table 1).
On using the MacQueens two-pass k-means algorithm for
clustering the data into k clusters, the number of distance
computations made is given by
ND1 ¼ 2Nk  k2

ð4:1Þ

Suppose we use the same two-pass algorithm in both the
levels of the two-level k-means algorithm described. Then the
number of distance computations in level 1 is given by
NDL1 ¼ 2Nk0  ðk0 Þ2
After the ﬁrst level of clustering, we have k0 clusters
fw1 ; w2 ; . . . ; wk0 g with centers fc1 ; c2 ; . . . ; ck0 g. Let us deﬁne the radius
of a cluster wi as
ri ¼ max
xj A wi

dðxj ; ci Þ

ð4:2Þ

where dðx; yÞ is the metric distance between vectors x and y.
Cluster i is sub-clustered in the second level if ri 4 t. For 1 ri r k0

