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In this paper, we propose an efficient method for implementing Dijkstra’s algorithm for
the Single Source Shortest Path Problem (SSSPP) in a graph whose edges have positive
length, and where there are few distinct edge lengths. The SSSPP is one of the most
widely studied problems in theoretical computer science and operations research. On a
graph with n vertices, m edges and K distinct edge lengths, our algorithm runs in O (m)

time if nK � 2m, and O (m log nK
m ) time, otherwise. We tested our algorithm against some

of the fastest algorithms for SSSPP on graphs with arbitrary but positive lengths. Our
experiments on graphs with few edge lengths confirmed our theoretical results, as the
proposed algorithm consistently dominated the other SSSPP algorithms, which did not
exploit the special structure of having few distinct edge lengths.

© 2009 Published by Elsevier B.V.

1. Introduction

In this paper, we provide an algorithm for solving the Single Source Shortest Path Problem (SSSPP) on a graph whose
edges have positive length. The SSSPP is an extremely well-studied problem in both the operations research and the the-
oretical computer science communities because of its applicability in a wide range of domains. Ahuja et al. [2] describe a
number of applications of the SSSPP, as well as efficient algorithms for the same. This paper provides an efficient algorithm
for the SSSPP in the case where the number of distinct edge lengths is small. Our motivation for focusing on problems with
few distinct edge lengths comes from a problem that arises in social networks (see Section 3).

We consider a graph with n vertices, m edges, and K distinct edge lengths. We provide two algorithms: The first algo-
rithm is a simple implementation of Dijkstra’s algorithm that runs in time O (m + nK ). The second algorithm modifies the
first algorithm by using binary heaps to speed up the FindMin() operation. Assuming that nK > 2m, its running time is
O (m log nK

m ).
For various ranges of the parameters n,m, and K , the running time of our algorithm is less than the running time of

Fredman and Tarjan’s Fibonacci Heap implementation [8], which runs in O (m + n log n) time. In fact, it improves upon the
Atomic Heap implementation of Fredman and Willard [9], which runs in O (m + n logn

log logn ) time. (This latter paper relies on
a slightly different model of computation than is normally assumed in papers on algorithms.) In particular, our algorithm
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runs in O (m) time whenever nK = O (m). We also note that even if all edge lengths are distinct, the running time of our
algorithm is O (m log m), which is the same time as the binary heap implementation of Dijkstra’s algorithm.

The main contributions of this paper are as follows.

(i) A new algorithm for the SSSPP problem that is parameterized by the number of distinct edge lengths.
(ii) An empirical analysis of our algorithm that demonstrates the superiority of our approach when the number of distinct

edge lengths is small.

The rest of this paper is organized as follows. Section 2 formally specifies the problem under consideration. Section 3
describes the motivation for our work. Related work in the literature is discussed in Section 4. Section 5 describes and ana-
lyzes the O (m + nK ) implementation of Dijkstra’s algorithm. Section 6 describes the O (m log nK

m ) implementation and also
provides a proof of its running time. In Section 7, we provide an empirical analysis, confirming the improved performance
of our algorithm on graphs with few distinct edge lengths. We offer brief conclusions in Section 8.

2. Statement of problem

We consider a directed graph G = (V , E), with a vertex set V with n vertices, and an edge set E with m edges. For each
vertex v ∈ V , we let E(v) denote the set of edges directed out of v . Let L = {l1, . . . , lK } be the set of distinct nonnegative
edge lengths given in increasing order. We assume that L is provided as part of the input and stored as an array. Each edge
(i, j) ∈ E has an edge length ci j ∈ L.

Rather than store the edge length ci j explicitly, we assume that associated with each edge (i, j) is an index ti j such that
ci j = lti j . We note that in practice, one can determine L and all of the indices in O (m + K log K ) expected time; we first use
perfect hashing to identify the K distinct edge lengths, and then sort the edge lengths.

There is a special vertex s ∈ V called the source. We let δ(v) denote the length of the shortest path in G from vertex s
to vertex v . If there is no path from s to v , then δ(v) = ∞. The goal of the SSSPP is to identify a shortest path from vertex
s to each other vertex that is reachable from vertex s.

3. Motivation

Our work was motivated by the “gossip” problem for social networks. Consider a social network, which is composed of
clusters of participants. We model the intra-cluster distance by the value 1 and the inter-cluster distances by a real number
l, where l > 1. The goal is then to determine the fastest manner in which gossip originating in a cluster can reach all the
participants in the social network. This is a special case of SSSPP in which K = 2.

Although the motivating example has K = 2, we have extended our results to values of K that can grow with the input
size.

Given that the SSSPP problem arises in so many domains, researchers have called for a “toolbox” [5,10] of different
implementations that are efficient for different types of input. Possibly, the algorithm presented here would be appropriate
for such a toolbox.

4. Related work

The literature on the SSSPP problem is large; interested readers are referred to Ahuja et al. [1]. In what follows, we
briefly outline various paradigms in algorithmic advancement and provide a context for our work.

The first polynomial time algorithm for the SSSPP problem was devised by Dijkstra [7], the running time of the algorithm
depends upon the data structure used to implement the priority queue, which is part of the algorithm. Since then, advances
in algorithmic techniques have been along the following fronts:

(i) New design paradigms – Thorup provided a linear-time algorithm for the SSSPP when the graph edges are undirected
[14]. He exploited the connection between the Minimum Spanning Tree of an undirected graph and the Single Source
Shortest paths tree.

(ii) Data Structure improvements – Algorithms based on Dijkstra’s approach perform a series of Extract-Min() and
Decrease-Key() operations. Inasmuch as each vertex is extracted only once and each edge is processed at most once,
the running time of any such algorithm can be represented as: T (n,m) = n ∗ Extract-Min() + m ∗ Decrease-Key().
An optimized priority queue design balances the costs between the two operations; in the comparison based-model,
the most efficient priority queue for this pair of operations is the Fibonacci Heap. Dijkstra’s algorithm with Fibonacci
Heaps has a running time of O (m + n log n). Other heaps proposed for this problem include the d-heap [3] and the
R-heap [6].

(iii) Parameterization – In this approach, the design focuses on a certain parameter (or parameters) that may be small
in magnitude for an interesting subset of problems. One such parameter is the largest edge length (say C ); Ref. [2]
describes how Dijkstra’s approach can be made to run in O (m + n

√
log C) time.
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