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Abstract

We provide an efficient algorithm for calculating, at appropriately chosen points on the two-dimensional surface of the
unit sphere in R3, the values of functions that are specified by their spherical harmonic expansions (a procedure known as
the inverse spherical harmonic transform). We also provide an efficient algorithm for calculating the coefficients in the
spherical harmonic expansions of functions that are specified by their values at these appropriately chosen points (a pro-
cedure known as the forward spherical harmonic transform). The algorithms are numerically stable, and, if the number of
points in our standard tensor-product discretization of the surface of the sphere is proportional to l2, then the algorithms
have costs proportional to l2 lnðlÞ at any fixed precision of computations. Several numerical examples illustrate the per-
formance of the algorithms.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Over the past several decades, the fast Fourier transform (FFT) and its variants (see, for example [15]) have
had an enormous impact across the sciences. The FFT is an efficient algorithm for computing, for any positive
integer n and complex numbers b0; b1; . . . ; bn�2; bn�1, the complex numbers a0; a1; . . . ; an�2; an�1 defined by

aj ¼
Xn�1

k¼0

bk ekðxjÞ ð1Þ

for j ¼ 0; 1; . . . ; n� 2; n� 1, where e0; e1; . . . ; en�2; en�1 are the functions defined on [�1,1] by

ekðxÞ ¼ exp
pið2k � nÞx
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for k ¼ 0; 1; . . . ; n� 2; n� 1, and x0; x1; . . . ; xn�2; xn�1 are the real numbers defined by

xk ¼
2k � n

n
ð3Þ

for k ¼ 0; 1; . . . ; n� 2; n� 1. The FFT is efficient in the sense that there exists a reasonably small positive real
number C such that, for any positive integer n P 10, the FFT requires at most C n lnðnÞ floating-point oper-
ations to compute a0; a1; . . . ; an�2; an�1 in (1) from b0; b1; . . . ;bn�2; bn�1. In contrast, evaluating the sum in (1)
separately for every j ¼ 0; 1; . . . ; n� 2; n� 1 costs at least n2 operations in total.

It is desirable to have an analogue of the FFT for functions defined on the two-dimensional surface of the
unit sphere in R3, in the following sense. The spherical harmonic expansion of a bandlimited function f on the
surface of the sphere has the form

f ðh;uÞ ¼
X2l�1

k¼0

Xk

m¼�k

bm
k P jmjk ðcosðhÞÞeimu; ð4Þ

where ðh;uÞ are the standard spherical coordinates on the two-dimensional surface of the unit sphere in
R3; h 2 ð0; pÞ and u 2 ð0; 2pÞ, and P jmjk is the normalized associated Legendre function of degree k and order
jmj, defined on (�1,1) via the formula

P jmjk ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k þ 1

2

ðk � jmjÞ!
ðk þ jmjÞ!

s ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p jmj d jmj

dxjmj
P kðxÞ; ð5Þ

where P k is the Legendre polynomial of degree k (see, for example, chapter 8 of [1]). (Please note that the
superscript m in bm

k denotes an index, rather than a power.) Obviously, the expansion (4) contains 4l2 terms.
The complexity of the function f determines l.

In many areas of scientific computing, particularly those using spectral methods for the numerical solution
of partial differential equations, we need to evaluate the coefficients bm

k in an expansion of the form (4) for a
function f given by a table of its values at a collection of appropriately chosen nodes on the two-dimensional
surface of the unit sphere. Conversely, given the coefficients bm

k in (4), we often need to evaluate f at a collec-
tion of points on the surface of the sphere. The former is known as the forward spherical harmonic transform,
and the latter is known as the inverse spherical harmonic transform. A standard discretization of the surface of
the sphere is the ‘‘tensor-product,” consisting of all pairs of the form ðhk;ujÞ, with cosðh0Þ; cosðh1Þ;
. . . ; cosðh2l�2Þ; cosðh2l�1Þ being the Gauss–Legendre quadrature nodes of degree 2l, that is,

�1 < cosðh0Þ < cosðh1Þ < � � � < cosðh2l�2Þ < cosðh2l�1Þ < 1 ð6Þ
and

P 0
2lðcosðhkÞÞ ¼ 0 ð7Þ

for k ¼ 0; 1; . . . ; 2l� 2; 2l� 1, and with u0;u1; . . . ;u4l�3;u4l�2 being equispaced on the interval ð0; 2pÞ, that is,

uj ¼
2p jþ 1

2

� �
4l� 1

ð8Þ

for j ¼ 0; 1; . . . ; 4l� 3; 4l� 2. This leads immediately to numerical schemes for both the forward and inverse
spherical harmonic transforms with costs proportional to l3.

Indeed, given a function f defined on the two-dimensional surface of the unit sphere by (4), we can rewrite
(4) in the form

f ðh;uÞ ¼
X2l�1

m¼�2lþ1

eimu
X2l�1

k¼jmj
bm

k P jmjk ðcosðhÞÞ: ð9Þ

For a fixed value of h, each of the sums over k in (9) contains no more than 2l terms, and there are 4l� 1 such
sums (one for each value of m); since the inverse spherical harmonic transform involves 2l values
h0; h1; . . . ; h2l�2; h2l�1, the cost of evaluating all sums over k in (9) is proportional to l3. Once all sums over
k have been evaluated, each sum over m may be evaluated for a cost proportional to l (since each of them
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