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a b s t r a c t

Mobile ad hoc networks aswell as grid platforms are distributed, changing, and error prone environments.
Communication costs within such infrastructure can be improved, or at least bounded, by using k-
clustering. A k-clustering of a graph, is a partition of the nodes into disjoint sets, called clusters, in which
every node is distance at most k from a designated node in its cluster, called the clusterhead. A self-
stabilizing asynchronous distributed algorithm is given for constructing a k-clustering of a connected
network of processes with unique IDs and weighted edges. The algorithm is comparison based, takes
O(nk) time, and uses O(log n+ log k) space per process, where n is the size of the network. To the best of
our knowledge, this is the first solution to the k-clustering problem on weighted graphs.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

Overlay structures of distributed systems require taking into
account locality among the entities they manage. For example,
communication time between resources is the main performance
metric in many systems. A cluster structure facilitates the spatial
reuse of resources to increase system capacity. Clustering also helps
routing and can improve the efficiency of a parallel software if it
runs on a cluster ofwell connected resources. Another advantage of
clustering is thatmany changes in the network can bemade locally,
i.e., restricted to particular clusters.
Many applications require that entities are grouped into clus-

ters according to a certain distance functionwhichmeasures prox-
imity with respect to some relevant criterion; the clustering will
result in clusters with similar readings. We are interested in two
particular fields of research which can make use of resource clus-
tering: mobile ad hoc networks (MANET) and application deploy-
ment on grid environments.
In MANET, scalability of large networks is a critical issue.

Clustering can be used to design a low-hop backbone network in
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MANET with routing facilities provided by clustering. However,
using hops, i.e., the number of links in the path between two
processes, as the sole measure of distance may hide the true
communication time between two nodes.
A major aspect of grid computing is the deployment of grid

middleware. Hop distance is used as ametric in some applications,
but it may not be relevant in some platforms, such as grids.
Using an arbitrary metric (i.e., a weighted metric) is a reasonable
option in such heterogeneous distributed systems. Distributed grid
middleware, like Diet [4] and GridSolve [17] can make use of
accurate distance measurements to do efficient job scheduling.
Another important consideration is that both MANET and grid

environments are highly dynamic systems: nodes can join and
leave the platform anytime, and may be subject to errors. Thus,
designing an efficient fault-tolerant algorithm which partitions
nodes into clusters which lie within a given distance of each other,
and which can dynamically adapt to any change, is valuable for
many applications, including MANET and grid platforms.
Self-stabilization [8] is a desirable property of fault-tolerant

systems. A self-stabilizing system, regardless of the initial states
of the processes and initial messages in the links, is guaranteed to
converge to the intended behavior in finite time. As MANET and
grid platforms are dynamic and error prone infrastructures, self-
stabilization is a very desirable property for the algorithms which
manage those structures.
In this paper, we address the problem of clustering a dynamic

and error prone network into clusters within which no node is
further apart than a given distance k to a specific node of the
cluster.
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1.1. The k-clustering problem

We now formally define the problem solved in this paper. Let
G = (V , E) a connected graph (network) consisting of n nodes
(processes), with positively weighted edges. For any x, y ∈ V , let
w(x, y) be the distance from x to y, defined to be the least weight
of any path from x to y. We will assume that the edge weights are
positive integers. The radius of a graph G is defined as follows:

radius(G) = min
x∈V
max
y∈V
{w(x, y)}.

Given a positive integer k, we define a k-cluster of G to be a non-
empty connected subgraph of G of radius at most k: such that all
processes in the cluster arewithin distance k of a designated leader
process, called the clusterhead.
We define a k-clustering of G to be a partitioning of V into

k-clusters. The k-clustering problem is then the problem of finding
a k-clustering of a given graph.1 In this paper, we require that a
k-clustering specifies one node, which we call the clusterhead
within each cluster, which is within k of all nodes of the cluster,
and a shortest path tree rooted at the clusterhead which spans all
the nodes of the cluster.
A set of nodes D ⊆ V is a k-dominating set2 of G if, for every

x ∈ V , there exists y ∈ D such that w(x, y) ≤ k. A k-dominating
set determines a k-clustering in a simple way; for each x ∈ V ,
let Clusterhead(x) ∈ D be the member of D that is closest to x.
Ties can be broken by any method, such as by using IDs. For each
y ∈ D, Cy = {x : Clusterhead(x) = y} is a k-cluster, and

{
Cy
}
y∈D is a

k-clustering of G.
We say that a k-dominating set D is optimal if no k-dominating

set of G has fewer elements than D. The problem of finding an
optimal k-dominating set, or equivalently, a k-clustering with
the minimum possible number of clusters, is known to be N P -
hard [1]. Our algorithm attempts to find a k-clustering which has
‘‘few’’ clusters.

1.2. Related work

Amis et al. [1] give the first distributed solution to this problem.
The time and space complexities of their solution are O(k) and
O(k log n), respectively. Spohn and Garcia-Luna-Aceves [16] give
a distributed solution to a more generalized version of the k-
clustering problem. In their algorithm, a parameter m is given,
and each process must be a member of m different k-clusters.
The k-clustering problem discussed in this paper is then the case
m = 1. The time and space complexities of the distributed
algorithm in [16] are not given. Fernandess andMalkhi [10] give an
algorithm for the k-clustering problem that uses O(log n)memory
per process, takes O(n) steps, provided a Breadth First Search (BFS)
tree3 for the network is already given.
The first self-stabilizing solution to the k-clustering problem

was given by Datta et al. in [6]; this solution takes O(k) rounds
and O(k log n) space. Another stabilizing solution was proposed
in [5]; this algorithm needs O(n) rounds and O(log n) space. Both
solutions use the hopmetric, and are thus unable to dealwithmore
general weighted graphs.
Many algorithms have been proposed in the literature for

constructing clusters in distributed network. Other self-stabilizing

1 There are several alternative definitions of k-clustering, or the k-clustering
problem, in the literature.
2 Note that this definition of the k-dominating set is different than another well
known problem consisting in finding a subset V ′ ⊆ V such that |V ′| ≤ k, and such
that ∀v ∈ V − V ′, ∃y ∈ V ′ : (x, y) ∈ E [11].
3 A BFS tree has a designated root, and from each node, the path from that node
through the BFS tree to the root is the shortest possible path in the network.

clustering algorithms deal with weighted graphs where weights
are placed on the vertices, not on the edges. For example, Johnen
and Nguyen give in [12] an algorithm to partition the network into
1-hop clusters, i.e., the algorithm computes a dominating set, a set S
such that ever node is a neighbor of some member of S. The article
presents self-stabilizing versions of DMAC [2] and GDMAC [3].
The authors also give a robust version of both algorithms in [13],
i.e., after one round the network is partitioned into clusters, and
stays partitioned during construction of the final clusters.
A self-stabilizing algorithm for cluster formation under a density

criterion is presented in [14] by Mitton et al. The density criterion
(defined in [15]) is used to select clusterheads — a node v is elected
a clusterhead if it has the highest density in its neighborhood, and
the cluster headed by v contains all nodes at distance less or equal
to two from v.

1.3. Contributions

Our solution, Algorithm K-CLUSTERING , given in Section 6, is
partially inspired by that of Amis et al. [1], who use hop distance
instead of arbitrary edge weights. K-CLUSTERING uses O(log n +
log k) bits per process. It finds a k-dominating set in a network
of processes, assuming that each process has a unique ID, and
that each edge has a positive weight. It is also self-stabilizing and
converges in O(nk) rounds. Even though this convergence time
may seem high, our theoretical analysis and simulations results,
presented respectively in Sections 7 and 8, show that this bound
is reached on special graphs, and that in practice, less rounds are
required to converge. To the best of our knowledge, this is the first
solution to the k-clustering problem on weighted graphs.
As our solution is a combination of several self-stabilizing algo-

rithms, we also present the conditions under which the combina-
tion of self-stabilizing algorithms is also self-stabilizing under the
unfair daemon.

1.4. Outline

In Section 2, we describe the model of computation used in the
paper, and give some additional needed definitions. We iteratively
build our solution.We first present a non-self-stabilizing algorithm
for the ‘‘Best Reachable Problem’’ in Section 3, which is central
in our solution. Then, we make this algorithm self-stabilizing
in Section 4. Our self-stabilizing algorithm for the k-clustering
problem being in fact composed of four self-stabilizing algorithms,
we present in Section 5 the conditions for composing self-
stabilizing algorithms under the unfair daemon. We are then able
to present K-CLUSTERING , a self-stabilizing algorithm for the k-
clustering problem on weighted graphs in Section 6, and give its
complexity in number of rounds, and the worst case scenario for
the number of clusterheads in Section 7. Finally, we present some
simulation results in Section 8 before concluding the paper in
Section 9.

2. Preliminaries

We consider a connected undirected network of n processes,
where n ≥ 2, and an integer k ≥ 1. Each process P has a unique
ID, P.id of an ordered type, which we call ID type. The state of a
process is defined by the values of its registers. A configuration
of the network is a function from processes to states; if γ is the
current configuration, thenγ (P) is the current state of eachprocess
P . An execution of an algorithm,A is a sequence of states e = γ0 7→
γ1 7→ · · · 7→ γi · · ·, where γi 7→ γi+1 means that it is possible for
the network to change from configuration γi to configuration γi+1
in one step. We say that an execution is maximal if it is infinite, or
if it ends at a sink, i.e., a configuration from which no execution is
possible.
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