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a b s t r a c t
The autoregressive integrated moving average (ARIMA), which is a conventional statistical method, is
employed in many ﬁelds to construct models for forecasting time series. Although ARIMA can be adopted
to obtain a highly accurate linear forecasting model, it cannot accurately forecast nonlinear time series.
Artiﬁcial neural network (ANN) can be utilized to construct more accurate forecasting model than ARIMA
for nonlinear time series, but explaining the meaning of the hidden layers of ANN is difﬁcult and, moreover, it does not yield a mathematical equation. This study proposes a hybrid forecasting model for nonlinear time series by combining ARIMA with genetic programming (GP) to improve upon both the ANN
and the ARIMA forecasting models. Finally, some real data sets are adopted to demonstrate the effectiveness of the proposed forecasting model.
Ó 2010 Elsevier B.V. All rights reserved.

1. Introduction
Many approaches for forecasting time series have been developed. Of conventional statistical methods, the autoregressive
integrated moving average (ARIMA) is extensively utilized in
constructing a forecasting model. For instance, Kumar and Jain
[1] employed ARIMA to develop a model for forecasting trafﬁcnoise time series. Ediger and Akar [2] applied ARIMA model to forecast demand for fuel in Turkey. However, ARIMA cannot be utilized
to produce an accurate model for forecasting nonlinear time series.
In recent years, the artiﬁcial neural network (ANN) and the support
vector machines (SVM) have been successfully utilized to develop a
nonlinear model for forecasting time series [3–9]. These
approaches usually yield better results than the ARIMA model in
nonlinear time series. Zhang et al. [10] reviewed forecasting
models using ANN for time series.
Since determining whether a linear or nonlinear model should
be ﬁtted to a real-world data set is difﬁcult, several investigations
have developed some hybrid forecasting models that combine different methods to reduce the forecast error. Zhang [11] developed
a hybrid forecasting model that combines ARIMA with ANN to
forecast the Canadian lynx time series more accurately than either
of the models used separately. Pai and Lin [12] employed a hybrid
ARIMA and SVM to construct a model for forecasting stock price.
Chen and Wang [13] presented a hybrid seasonal time series

ARIMA (SARIMA) and SVM to forecast the production values of
the machinery industry in Taiwan. Like Zhang [11], Aladag et al.
[14] developed a hybrid model that combined ARIMA and Elman’s
recurrent neural networks (ERNN) to forecast Canadian lynx time
series.
The above hybrid models [11–14] can be employed to combine
the linear and nonlinear forecasting system with high overall forecasting accuracy. The hybrid models can be expressed as follows:

yt ¼ Lt þ N t ;

where yt represents the original positive time series at time t; Lt
represents the linear component, and Nt is the nonlinear component
of the model, respectively. The residuals can be obtained using the
ARIMA model:

rt ¼ yt  ^Lt ;
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ð2Þ

where rt is estimated using such nonlinear methods as ANN, SVM,
or ERNN. ^Lt is the forecasted value of Lt and is estimated using the
ARIMA model. Accordingly, the residual can be rewritten as follows:

rt ¼ f ðr t1 ; r t2 ; . . . ; rtn Þ þ et ;

ð3Þ

where f(rt1, rt2, . . ., rtn) represents the nonlinear function that is
constructed using ANN, SVM, or ERNN and et is the random error
term. The hybrid model for forecasting time series is:

^ t:
^t ¼ ^Lt þ N
y
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ð1Þ

ð4Þ

Although these hybrid models exhibited favorable overall
forecasting performance, the hidden layers in ANN are difﬁcult to
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explain and the relationship between the input variables and output variable(s) in ANN or SVM cannot be expressed by a mathematical equation. Furthermore, the ANN model needs large data
sets to train a robust network model [15]. Accordingly, this study
proposes a novel hybrid model for forecasting time series that
combines the ARIMA model with genetic programming (GP). The
proposed hybrid model takes the advantages of the ARIMA and
GP models in linear or nonlinear modeling and f(rt1, rt2, . . ., rtn)
in Eq. (3) can be obtained using GP. Furthermore, unlike ANN,
which requires for large data sets to train an appropriate network
model, GP can perform well even with small data sets [15]. Thus,
the proposed hybrid model can easily be constructed in practice
for either large or small data sets. This study is organized as follows. Section 2 describes the procedure of combining the ARIMA
and GP model to construct the proposed hybrid model. Section 3
employs some real-world data sets to demonstrate the effectiveness of the proposed method and the proposed method is also
compared with other time series forecasting models. Section 4
draws conclusions.
2. The model development
Box and Jenkins presented the ARIMA model in 1970 [16]. The
method has been widely used in ﬁnancial, economic and social scientiﬁc ﬁelds [17]. In the ARIMA(p, d, q) model, p is the order of
auto-regression, d is the order of differencing, and q is the order
of the moving average process [16]. Generally speaking, the ARIMA
model can be represented as a linear combination of the past
observations and past errors as follows:

ð1  /1 B  /2 B2      /p Bp Þð1  BÞd yt
¼ d þ ð1  h1 B  h2 B2      hq Bq Þet ;

t ¼ 2; 3; . . . ;

ð5Þ

where yt is the actual value, B is the backward shift operator, d is the
constant item, et is the random error at time t, /p and hq are the
coefﬁcients of the model and can be estimated utilizing the least
square method. Furthermore, the model has following setups: model identiﬁcation, parameter estimation, and modeling diagnosis. The
appropriate ARIMA(p, d, q) model is obtained by applying the
Akaike Information Criterion (AIC) rule [18,19]. Although the ARIMA
model can have high forecasting performance in large or linear data
set, it cannot obtain a robust forecasting ability in small or nonlinear data set. Hence, some improving ARIMA models have been proposed to solve the nonlinear or small data [11–14].
Recently, some nonlinear methods such as ANN, SVM, and
ERNN are usually utilized to ﬁt nonlinear time series. Both theoretical and empirical analyses have shown that forecasting by a hybrid ARIMA forecasting model that combines two forecasting
methods is more accurate than forecasting using just a single forecasting method [11–14]. However, a hybrid forecasting model that
is constructed by combining two forecasting methods cannot typically be expressed by a mathematical forecasting equation and
needs large data sets to construct the appropriate model. To solve
this problem, GP is utilized to ﬁt a nonlinear forecasting time series
model.
Koza [20] developed GP as a new algorithm for computer programs that exploits the concept of evolution to solve model structure identiﬁcation problems and perform symbolic regression [21].
The basic concepts of GP are similar those of genetic algorithms
(GAs), and include mutation, crossover and reproduction [22]. Unlike GAs, GP uses the generic parse-tree representation to replace
the logic number of the genetic state (0 and 1). Hence, GP has become more popular than conventional linear forecasting methods
because it can be employed to search complex nonlinear spaces.
Notably, GP is also widely utilized in practical applications such
as in a real-time prediction of coastal algal blooms [23], the con-

-

cos

tan

*

*

9

x

5

y

Fig. 1. Example of GP parse-tree representation [15].

struction of credit scoring models [15,24], emulating the rainfallrunoff process [25], and forecasting electric power demand [22].
Functions or statements in GP have operators ({+, , , , log,
and exp}), a trigonometric function ({sin, cos, and tan}), and conditional statements (if, then). Hence, a GP parse tree (Fig. 1) can be
applied to a simple example: cos[9x]  tan[5y]. Furthermore, GP
system can yield an effective function for predicting the value of
the dependent variable. When selecting input variables, GP automatically ﬁnds the variables that contribute most to the model
[23] and then constructs an equation [22,23,25]. Moreover, GP
does not have any restriction on the data size as compared to that
of the ANN [15,24].
This study proposes a novel hybrid forecasting model, which
combines ARIMA to model the linear component (Lt) of a time series and the GP to model the nonlinear component (Nt), to improve
the accuracy of ARIMA forecasting. Since utilizing only linear models or nonlinear models to forecast time series data may not obtain
satisfactory results. To improve the forecasting accuracy, a hybrid
forecasting system that possesses both linear and nonlinear modeling abilities can be utilized. Moreover, utilizing GP to model
the nonlinear component of time series can obtain a mathematical
equation than ANN and SVM model no matter data sets are large or
small. In practice, the forecasting values utilizing GP can be veriﬁed
through the mathematical equation. For ANN and SVM models,
although the application of these models is easy, the relation between the input and output variables are difﬁcult to explain and
cannot verify the forecasting value through the mathematical
equation. Therefore, the proposed hybrid approach is as follows:
Step 1. The ARIMA model is utilized to model the linear component of time series. That is, ^Lt is obtained by using the ARIMA
model.
Step 2. From Step 1, the residuals from the ARIMA model can be
obtained. The residuals are modeled by the GP model in Eq. (3).
^ t is the forecast value of Eq. (3) by using GP.
That is, N
Step 3. Using Eq. (4), forecasts of the hybrid model are obtained
by adding the forecasted values of linear and nonlinear components, yield in Step 1 and Step 2, respectively.

3. Empirical results
3.1. Data sets
In this study, to demonstrate the effectiveness of the proposed
hybrid forecasting model, three data sets are utilized in this study
to examine the performance of the proposed hybrid model. Moreover, two literature hybrid models, developed by combining ARIMA and ANN models [11]; and by ARIMA and SVM models [12],
are utilized as benchmark models. Through compared with other
hybrid ARIMA models, it will be clear to see the forecasting accurately among different hybrid ARIMA models. The ﬁrst data, the
Canadian lynx data, are adopted as an example. The data are the

