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Abstract
In a seminal paper, Dockner and van Long [1993. International pollution control: cooperative
versus non-cooperative strategies. Journal of Environmental Economics and Management 25,
13–29] argue that nonlinear strategies allow to protect the commons compared with the linear
(and singular) strategy. This paper shows that the existence of multiple equilibria depends on
preference characteristics and that multiple equilibria need not foster conservation. In particular,
if the (absolute) elasticity of marginal utility is decreasing, then multiple equilibria aggravate the
tragedy of the commons compared with the singular (or saddlepoint) strategy.
r 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Players i ¼ 1; . . . ; n choose their emissions xi ðtÞ at time t maximizing their
individual net present value (using the identical discount rate r40),
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The instantaneous utility consists of the individual beneﬁt from emissions ðuÞ minus
the (quadratic, c40) external costs from the pollution stock X, which accumulates
over time according to
X_ ðtÞ ¼

n
X

xi ðtÞ  dX ðtÞ;

X ð0Þ ¼ X 0 ; d40.

(2)

i¼1

Assuming linear-quadratic beneﬁt and symmetric Nash equilibria, Dockner and van
Long (1993) show that a play in nonlinear Markov strategies instead of in the linear
strategy mitigates and with sufﬁcient patience even eliminates the tragedy of the
commons (in the long run). This surprising and optimistic result has triggered many
discussions. Rubio and Casino (2002) stress the restricted support of equilibria in
nonlinear strategies. Rowat (2000) demands global strategies and Rowat (2006) includes
sufﬁciency conditions, yet all these reconsiderations conﬁrm the basic conclusion of
Dockner and van Long (1993) that ‘nonlinear strategies do better than the linear or
singular strategy and sufﬁcient patience allows to obtain the ﬁrst best’. Dutta and
Sundaram (1993) and Dockner and Nishimura (2006) analyze discrete time versions.
However, and this is the purpose of this short paper, conservation is not an
intrinsic property of nonlinear or multiple equilibria (better and more generally
characterized as ‘non-singular’), but is a consequence of the preferences, more
precisely, of the derivative of the elasticity of marginal utility,
sðxÞ  

u00 ðxÞx
,
u0 ðxÞ

(3)

which is increasing, s0 o0, for a linear-quadratic speciﬁcation of u. If in contrast
s0 o0, multiple equilibria worsen the tragedy of the commons compared with the
singular (or saddlepoint) equilibrium strategy, which is the linear strategy in the case
of a linear-quadratic differential game. And it is impossible in this case to approach
the ﬁrst best steady state no matter how patient the players are. The common
denominator with the claim in Dockner and van Long (1993) is that multiple
equilibria are conﬁned to the domain of small values of s, i.e. where the (relative)
marginal gain from incremental emissions is small.

2. Model and assumptions
In order to verify the claims above in a compact manner, the same assumptions
are made and similar techniques are applied as in the related literature, and a
speciﬁcation of u with s0 o0 is assumed although the same conclusion holds for any
utility with a decreasing elasticity of marginal utility. Following Dockner et al. (2000,
p. 85) (also used in Rowat, 2006), the maximization of player i’s payoff J i , which
depends on the own xi ¼ fi and the opponents’ strategies Fi ¼ fxj ¼ fj j jaig and
on the initial condition X 0 , can be written as an optimal control problem,
V i ðX 0 Þ  max J i ;
xi

i ¼ 1; . . . ; n

(4)

