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Abstract
For solving the well-known multi-source Weber problem (MWP), each iteration of the heuristic alternate location–allocation algorithm consists of a location phase and an allocation phase. The task of the location phase is to solve ﬁnitely
many single-source Weber problems (SWP), which are reduced by the heuristic of nearest center reclassiﬁcation for the
customers in the previous allocation phase. This paper considers the more general and practical case – the MWP with constraints (CMWP). In particular, a variational inequality approach is contributed to solving the involved constrained SWP
(CSWP), and thus a new heuristic algorithm for CMWP is presented. The involved CSWP in the location phases are reformulated into some linear variational inequalities, whose special structures lead to a new projection–contraction (PC)
method. Global convergence of the PC method is proved under mild assumptions. The new heuristic algorithm using
the PC method in the location phases approaches to the heuristic solution of CMWP eﬃciently, which is veriﬁed by
the preliminary numerical results reported in this paper.
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1. Introduction
The classical multi-source Weber problem (MWP) is to ﬁnd the locations of m new facilities in order to
minimize the sum of the transportation costs between these facilities and the n customers whose locations
are known. We assume that the involved transportation costs are proportional to the corresponding distances.
More speciﬁcally, the mathematical model of MWP is as follows:
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MWP :
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wij ¼ sj ; j ¼ 1; 2; . . . ; n;
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xi 2 R2 ; i ¼ 1; 2; . . . ; m;
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aj 2 R2 is the location of the jth customer, j ¼ 1; 2; . . . ; n;
xi 2 R2 is the location of the ith facility to be determined, i ¼ 1; 2; . . . ; m;
sj P 0 is the given demand required by the jth customer;
wij P 0 denotes the unknown allocation from the ith facility to the jth customer;
k  k is the Euclidean distance.

Due to the wide applications of MWP in operations research, marketing, urban planing, etc., see, e.g,
[6,10,17], many authors are devoted to both promoting its theoretical development and presenting eﬀective
numerical algorithms. To mention a few, the branch-and-bound algorithm presented in [19] obtains the solution by reducing MWP with m = 2 to O(n2) pairs of Weber problems; while the algorithm in [22] contributes a
linear programming approach to solving MWP by enumerating all feasible elements of a solution (non-overlapping convex hulls). Among existing eﬀective numerical algorithms for solving MWP is the heuristic alternate location–allocation algorithm presented originally in [5], whose attractive characteristic is that each
iteration consists of a location phase and an allocation phase. Let N ¼ f1; 2; . . . ; ng and A ¼ faj : j 2 Ng
denote the set of locations of all the customers and fAk1 ; Ak2 ; . . . ; Akm g with [mi¼1 Aki ¼ A and Aki \ Akj ¼ ; (for
i 6¼ j) denote the disjoint partition of A at the kth iteration. At the ðk þ 1Þth iteration, the location phase ﬁnds
the candidates of locations of facilities by solving m single-source Weber problems (SWP) denoted by
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Then the allocation phase involves an allocation or a partition, which depends on the xkþ1
ði ¼ 1; 2; . . . ; mÞ
i
generated by solving (1.1). More speciﬁcally, if 8i 2 f1; 2; . . . ; mg, xkþ1
is the nearest facility among all facilities
i
for each customer in Aki , then xkþ1
ði ¼ 1; 2; . . . ; mÞ are the desirable locations of facilities. Therefore, it is reai
sonable to allocate the customers in Aki from the facility xkþ1
in order to minimize the total sum of transpori
tation costs. Otherwise, the set of customers should be partitioned newly according to the heuristic of nearest
kþ1
kþ1
kþ1
center reclassiﬁcation (NCR), i.e., the new partition fAkþ1
is the near1 ; A2 ; . . . ; Am g is generated so that xi
kþ1
est facility for each customer in Ai . Note that with the presupposition that each facility to be determined is
capable of providing suﬃcient services for the targeted customers, the heuristic characteristic shared by all
Cooper-type algorithms is that ﬁnally each custom (aj) is served only by one of the facilities (the nearest
one). This observation explains the disappearance of wij in (1.1).
Then the central task of the location–allocation algorithm is to solve the involved SWP (1.1) in the location
phase, and so it is meaningful to investigate eﬀective numerical algorithms to solve (1.1). The ﬁrst attractive
contribution to this aspect denoted by Cooper’s algorithm was due to [5], in which the author used the Weiszfeld procedure [25] to solve the involved SWP. Recently, the so-called Newton-Bracketing (NB) method for
convex minimization was utilized to solve the involved SWP and thus Cooper-NB algorithm was developed
in [16]. Due that the gradients of kx  aj k ðj ¼ 1; 2; . . . ; nÞ are used in the iteration, both the Weiszfeld procedure and NB method share the common characteristic that their implementations may terminate unexpectedly
when the current iterate happens to be identical with some location of the customers (which is unavoidable
and uncontrollable), i.e. the singular case happens. How to improve the original Weiszfeld procedure and
NB method in the singular case and make them computationally preferable become the main challenges in
this study and still deserve more extensive investigations, see, e.g, [1,3,14,20,24]. For example, the eﬀort proposed in [16] suggested to replace the gradient of kx  aj k with 0 whenever the singular case happens during
the implementation.

