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a b s t r a c t

This paper deals with a scheduling problem of independent tasks with common due date where the
objective is to minimize the total weighted tardiness. The problem is known to be ordinary NP-hard in
the case of a single machine and a dynamic programming algorithm was presented in the seminal work
of Lawler and Moore [E.L. Lawler, J.M. Moore, A functional equation and its application to resource allo-
cation and sequencing problems, Management Science 16 (1969) 77–84]. In this paper, this algorithm is
described and discussed. Then, a new dynamic programming algorithm is proposed for solving the single
machine case. These methods are extended for solving the identical and uniform parallel-machine sched-
uling problems.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

Scheduling problems with the objective of minimizing the total weighted tardiness have been paid attention since more than 40 years.
From a practical point of view, this objective function aims to reduce the costs caused by contract penalties, loss of reputation or client
dissatisfaction. These scheduling problems can also be considered as special cases of Just-In-Time scheduling problems, when the storage
cost and deterioration of goods are negligible, i.e. when there is no earliness penalties (see [2,5,6] for more details on Just-In-Time sched-
uling problems).

In this paper, we study a problem of scheduling a set J ¼ fJ1; . . . ; Jng of n jobs without preemption on a set M ¼ fM1; . . . ;Mmg of m
(m P 1) parallel machines. Each job Ji is characterized by a processing time pi, a positive integer tardiness penalty wi, and a common
due date di ¼ d; d P 0. Each job is available for processing at time zero. We denote by Si the starting time of Ji and by Ci its completion
time.

As defined in [7], a job Ji can be in one of the three following states:

1. early job if Ci < d,
2. fully-tardy job if Si > d,
3. straddling job if Si < d and Ci P d.

The tardiness of Ji, denoted by Ti is defined by Ti ¼ maxð0;Ci � dÞ. So, if Ji is completed before the due date ðCi < dÞ there is no penalty.
Otherwise, there is a job-dependent tardiness penalty equal to wi � Ti. The objective is to minimize the sum of tardiness penalties

Pn
i¼1wiTi.

According to the standard scheduling notation, the considered problem is traditionally denoted by Pmjdi ¼ dj
P

wiTi; m P 1. This problem
is NP-hard since the problem 1jdi ¼ dj

P
wiTi is NP-hard [17].

The general case on a single machine 1k
P

wiTi is strongly NP-hard [11] and is considered as a classical scheduling problem [1,15]. Sev-
eral dynamic programs (DP) and approximation algorithms have been proposed for some extensions of this problem. In the case of agree-
able weights (i.e. pj < pi ) wj P wi), Lawler gives an optimal pseudopolynomial algorithm [11]. The problem with unit weights 1k

P
Ti has

been proved ordinary NP-hard [4] and accepts a fully polynomial-time approximation scheme (FPTAS) [12]. For the general case 1k
P

wiTi,
Cheng et al. [3] show that a ðn� 1Þ-approximation algorithm exists. With a fixed number of distinct due dates, Kolliopoulos and Steiner [8]
propose a pseudopolynomial dynamic programming algorithm. Moreover, they explain that if the job weights are bounded by a polynomial
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function in n, the problem accepts an FPTAS. For the common due date case 1jdi ¼ dj
P

wiTi, Lawler and Moore [13] propose an Oðn2dÞ algo-
rithm. Kolliopoulos and Steiner [9] determine an FPTAS in Oðn3=eÞ for problem 1jdi ¼ dj

P
wiðTi þ dÞ, where

P
wid is a supplementary con-

stant. It is easy to show that an optimal sequence for 1jdi ¼ dj
P

wiðTi þ dÞ is also optimal in the case of minimizing 1jdi ¼ dj
P

wiTi, but an
approximation algorithm for the first one cannot guarantee the same approximation scheme for the second. However, without any sup-
plementary constant, Kellerer and Strusevich [7] determine an FPTAS in Oðn6 log W=e3Þ where W ¼

Pn
i¼1wi.

In the case of identical parallel machines, problem Pmjdi ¼ dj
P

wiTi, Kovalyov and Werner [10] show that there is no possible polyno-
mial-time approximation algorithm unless P ¼ NP. Moreover, they propose two approximation algorithms with guaranteed performances
and show that the value of the solution given by one of the two approximation algorithms, denoted by X0, satisfies the following inequality
ðX0 � X�Þ=ðX� þ dÞ 6 e ðX� being equal to the optimal solution value).

As far as we know – except in [13] – there is no result with uniform parallel machines in the literature. Our contribution is about a
dynamic programming algorithm that solves optimally the Qmjdi ¼ dj

P
wiTi problem.

The rest of paper is organized as follows. In Section 2, some remarks concerning Lawler and Moore’s DP algorithm are given. Section 3 is
dedicated to the single machine scheduling problem ðm ¼ 1Þ. In this section, we describe a new DP algorithm. In Sections 4 and 5 the DP
algorithm is generalized to the identical and uniform parallel machines scheduling problem.

2. Remarks on the DP recursion proposed by Lawler and Moore

Lawler and Moore [13] proposed a general dynamic programming recursion which can be adapted for solving a high variety of sched-
uling problems. One of these problems is the single machine total weighted tardiness scheduling problem denoted by 1k

P
wiTi.

As presented in Section 1 of [13], ‘‘Let f ði; tÞ be the minimum total loss for the first ith jobs, subject to the constraint that job Ji is completed no
later than time t. The recursion is defined by:

f ð0; tÞ ¼ 0 ð8t P 0Þ
f ði; tÞ ¼ þ1 ð8i 2 f0;1; . . . ; ng; 8t < 0Þ

f ði; tÞ ¼min
f ði; t � 1Þ;
aiðtÞ þ f ði� 1; t � aiÞ;
biðtÞ þ f ði� 1; t � biÞ

8><
>:

9>=
>; ð8i 2 f1; . . . ; ng; 8t P 0Þ

where: the processing of job Ji requires ai units of time in one mode and bi units in the other. In the first mode, a loss of aiðtÞ units is incurred upon the
completion of the job at time t, and biðtÞ units in the other. The problem is solved by the calculation of f ðn; TÞ, where T is a sufficiently large number.
The overall computation requires on the order of nT computational steps.” The authors propose an application of this recursive relation to several
scheduling problems in Section 10 of their paper, they consider the problem denoted by 1jdi ¼ dj

P
wiTi.

Let ðAÞ; ðBÞ and ðCÞ denote respectively the set of early jobs, the fully tardy jobs and the straddling job. The jobs are numbered according
to WLPT order (Weighted Longest Processing Time first, i.e. wi=pi 6 wiþ1=piþ1). First, the authors assume that there is a straddling job de-
noted by Jk. They define f ðkÞðn; tÞ, the best solution for the subset of jobs J n fJkg ¼ fJ1; J2; . . . ; Jk�1; Jkþ1; . . . ; Jng. They define
aiðtÞ ¼ 0; biðtÞ ¼ wit; ai ¼ pi and bi ¼ 0 so that the recursive function takes the following form:

f ðkÞð0; tÞ ¼ 0 ð8t P 0Þ
f ðkÞði; tÞ ¼ þ1 ð8i 2 f0;1; . . . ; ng n fkg; 8t < 0Þ

f ðkÞði; tÞ ¼min
f ðkÞði; t � 1Þ;
f ðkÞði� 1; t � piÞ;
f ðkÞði� 1; tÞ þwit

8><
>:

9>=
>; ð8i 2 f1; . . . ;ng n fkg; 8t P 0Þ:

The second term of the recursive relation denotes the case where Ji is in ðAÞ and completes at time t. The last term considers that Ji is in ðBÞ.
Suppose Ji is in B. Then, because the jobs are taken in WLPT order, job Ji has to be the first tardy job (see Fig. 1), so that tardy jobs are in WSPT
order. With Pj ¼

Pj
k¼1pk we have Ci ¼ Pn � Pi�1 þ t and the cost generated by Ji is equal to wiðCi � dÞ.

A more concise expression of the recursive relation is:

f ðkÞð0; tÞ ¼ 0 ð8t P 0Þ;
f ðkÞði; tÞ ¼ þ1 ð8i 2 f0;1; . . . ; ng n fkg; 8t < 0Þ

f ðkÞði; tÞ ¼min
f ðkÞði� 1; t � piÞ;
f ðkÞði� 1; tÞ þwiðPn � Pi�1 þ t � dÞ

( )
ð8i 2 f1; . . . ;ng n fkg; 8t P 0Þ:

Then, the cost due to the straddling job is added to f ðkÞðn; tÞ and the values of k and t for which f ðkÞðn; tÞ þwkðt þ pk � dÞ is minimum ‘‘indicate
the identity of the job in Class ðCÞ and its time of completion, while f ðkÞðn; tÞ can be used to determine the jobs in Classes ðAÞ and ðBÞ.” Note that for
the single machine case, the completion time of the last job is always equal to Pn, which is the makespan of any semi-active schedule. This
makes easy the determination of the completion time of the straddling job.

Fig. 1. Single machine case – position of a new tardy job.

N. Huynh Tuong et al. / European Journal of Operational Research 202 (2009) 646–653 647



https://isiarticles.com/article/79683

