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Abstract
In this paper we revisit an existing dynamic programming algorithm for ﬁnding optimal subtrees in edge weighted
trees. This algorithm was sketched by Maﬃoli in a technical report in 1991. First, we adapt this algorithm for the application to trees that can have both node and edge weights. Second, we extend the algorithm such that it does not only
deliver the values of optimal trees, but also the trees themselves. Finally, we use our extended algorithm for developing
heuristics for the k-cardinality tree problem in undirected graphs G with node and edge weights. This NP-hard problem
consists of ﬁnding in the given graph a tree with exactly k edges such that the sum of the node and the edge weights is
minimal. In order to show the usefulness of our heuristics we conduct an extensive computational analysis that concerns
most of the existing problem instances. Our results show that with growing problem size the proposed heuristics reach
the performance of state-of-the-art metaheuristics. Therefore, this study can be seen as a cautious note on the scaling of
metaheuristics.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
The k-cardinality tree (KCT) problem—also
referred to as the k-minimum spanning tree (kMST) problem, or just the k-tree problem—is
an NP-hard [15,25] combinatorial optimization
problem which generalizes the well-known minimum weight spanning tree problem. Given is an
undirected graph G = (V, E) and a cardinality
k < jVj. Two versions of the problem are studied
in the literature. In the ﬁrst version of the problem the given graph G has positive weights on
the edges, whereas in the second version G has
positive weights on the nodes. In both versions,
the problem consists of ﬁnding a subtree in G
with exactly k edges, such that the sum of the
weights is minimal. The problem was ﬁrst
described in [21] and it has gained considerable
interest in recent years due to various applications, e.g. in oil-ﬁeld leasing [20], facility layout
[16,17], open pit mining [26], matrix decomposition [7,8], quorum-cast routing [11] and telecommunications [19].
In this paper we deal with a generalized problem version in which the given graph G can have
both node and edge weights. More formally, let
G = (V, E) be a graph with a weight function
wE : E ! N on the edges and a weight function
wV : V ! N on the nodes. We denote the weight
of a node v by wV(v) (or just wv), and the weight
of and edge e by wE(e) (or just we). Furthermore,
we denote by Tk the set of all k-cardinality trees
in G. Then, the problem consists of ﬁnding a k-cardinality tree T k 2 Tk that minimizes
!
!
X
X
we þ
wv .
f ðT k Þ ¼
ð1Þ
e2EðT k Þ

v2V ðT k Þ

In this equation, as well as in the rest of the paper,
when given a tree T, E(T) denotes the set of edges
of T, and V(T) the set of nodes of T.
The edge weighted version of the KCT problem
was ﬁrst tackled by exact approaches [18,11,28]
and heuristics [14,13,11]. The best ones of these
heuristics are based on a polynomial time dynamic
programming algorithm [24] that ﬁnds the best kcardinality tree in a graph that is itself a tree. However, the interest in heuristics was quickly lost and
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research focused on the development of more
appealing metaheuristics [6]. Among these
approaches are two evolutionary computation
(EC) approaches [2,4], three tabu search (TS)
methods [3,22,4], diﬀerent variations of variable
neighborhood search (VNS) [29], and two ant colony optimization (ACO) approaches [10,4]. Two
sets of benchmark instances exist. One was introduced for the empirical evaluation of the VNSbased approaches in [29], and the other one for
the metaheuristics proposed in [4]. Generally it is
assumed that the variable neighborhood decomposition search (VNDS) algorithm proposed in [29] is
the state-of-the-art method for the ﬁrst set, and the
ACO algorithm proposed in [10] for the second
set.
Much less research eﬀorts were directed at the
node weighted KCT problem. Simple greedy as
well as dual greedy based heuristics were proposed
in [14], and the ﬁrst metaheuristic approaches (TS
and EC) were presented in [5]. The currently best
metaheuristic is a recent VNDS [9]. In the same
paper the only existing benchmark set for the node
weighted KCT problem is introduced.
Our contribution: In this paper we revisit the
dynamic programming (DP) algorithm of Maﬃoli
for ﬁnding the best k-cardinality tree in an edge
weighted graph that is itself a tree. The idea for
this algorithm, which has polynomial running
time, was sketched by Maﬃoli in 1991 in a technical report [24]. Several heuristics for the edge
weighted KCT problem are based on this algorithm [14]. These heuristics ﬁrst construct—in different ways—a spanning tree of the given graph.
Then dynamic programming is applied to obtain
the best k-cardinality tree in the previously constructed spanning tree. In [14]—because of the
low computational power of the time—these heuristics were only applied to graphs of up until 30
nodes, which is very small compared to the biggest
graphs from the nowadays available benchmark
sets (i.e., 5000 nodes and 50 000 edges). Furthermore, the DP algorithm as described in [24] does
not solve the problem, because it only outputs
the objective function value of an optimal k-cardinality tree and not the tree itself. Possibly due to
these reasons, the heuristics proposed in [14] never
attracted much attention, until Urošević et al. in

