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a b s t r a c t

This paper deals with the problem of preemptive scheduling in a two-stage flowshop with parallel unre-
lated machines and renewable resources at both the stages. The resource requirements are of a 0–1 type.
The objective is the minimization of makespan. The problem is NP-hard. Four heuristic algorithms using
linear programming are proposed for solving this problem. Performance of the algorithms is analyzed
experimentally by comparing heuristic solutions with the lower bound on the optimal makespan. Statis-
tical comparative analysis of the developed algorithms is carried out. The results of a computational
experiment show that the proposed algorithms are able to produce good quality solutions in a small
amount of computation time.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

This paper deals with the problem of preemptive scheduling in
a two-stage flowshop with parallel unrelated machines and addi-
tional renewable resource constraints at each stage. The resource
requirements are of a 0–1 type. The objective is to minimize the
makespan.

The problem of resource constrained scheduling of parallel ma-
chines has been widely investigated in the literature (de Werra,
1984, 1988; Figielska, 1999; Słowiński, 1980, 1981). However re-
source constraints have not been considered until recently in the
context of scheduling in the multiprocessor flowshop environ-
ment. The multiprocessor flowshop is a system which consists of
a set of two or more processing centers (processing stages) with
at least one center having two or more parallel machines. A job
in such a system is processed successively at processing stages,
and all jobs pass through the stages in the same order. At a stage
with parallel machines a job can be processed on any machine
and a machine can work on at most one job at a time. The multi-
processor flowshop scheduling problems have received consider-
able attention from researchers in recent times. Most literature
in this area addresses problems with identical parallel machines
and nonpreemptive jobs, and include among others Gupta
(1988), Chen (1995), Haouari and M’Hallah (1997), Brah and Loo

(1999), and Linn and Zhang (1999). In our paper we focus on pre-
emptive scheduling in a multiprocessor flowshop with unrelated
machines (known as a hybrid flowshop) and additional renewable
resources, where jobs require, besides machines, additional re-
sources which are available in limited quantities at every moment.

As mentioned earlier, the flowshop scheduling problem with
additional renewable resources has not been studied in the litera-
ture until recently. In Figielska (2008) additional renewable re-
sources have been taken into consideration only at the first stage
of the hybrid flowshop with a single machine at the second stage.
In this paper, we extend the method proposed in Figielska (2008)
to the case of the flowshop with parallel unrelated machines and
resource constraints at two stages. We propose four heuristic algo-
rithms based on linear programming for solving the scheduling
problem in this case. While solving the problem at the first stage,
these algorithms, for the selection of jobs to be processed in paral-
lel during successive periods of time, use selection rules appropri-
ate for finding a minimal makespan in the whole flowshop. At the
second stage, similarly as at the first stage, there are a number of
parallel unrelated machines and the jobs to be processed require,
besides machines, additional resources which are available in lim-
ited amounts at every moment. Each job is ready to be processed at
the second stage at the moment of completing its processing at the
first stage. So, given the schedule at the first stage, we have to solve
the minimum makespan resource constrained scheduling problem
with parallel unrelated machines and job dependent ready times
(the ready times are equal to completion times at stage 1). For solv-
ing this problem to optimality, we develop a procedure based on
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linear programming. This procedure first determines processing
times during which jobs (or parts of jobs) are executed on ma-
chines in all the time intervals between successive ready times,
and then it constructs in these intervals subschedules satisfying re-
source constraints at every moment. The schedule in the flowshop
consists of the schedule at the first stage and the schedule at the
second stage. The makespan of the schedule is equal to the maxi-
mum job completion time at the second stage.

Performance of the algorithms is analyzed experimentally by
comparing the heuristic solutions with the lower bound on the
optimal makespan. Statistical comparative analysis of the devel-
oped algorithms is carried out.

The problem of scheduling in a multiprocessor flowshop arises
in real-life systems that are encountered in a variety of industries,
e.g. in chemical, polymer, petrochemical industries (Salvador,
1973). The multiprocessor scheduling problem is also met in com-
puter systems and telecommunication networks (Brah, 1988). In
the multiprocessor flowshop there are stages with parallel ma-
chines. At each stage with parallel machines jobs can be processed
through any one of these machines. Because jobs that are simulta-
neously processed on parallel machines may use the same re-
source, the problem of resource constrained scheduling arises
when the amount of the available resource is limited. This takes
place when, for example, the number of workers attending the ma-
chines, or the number of tools that are used by simultaneously exe-
cuted jobs, is limited. Resource requirements of a 0–1 type can be
met, for example in computer systems in which one peripheral de-
vice (e.g. a printer) is additionally required to perform a job (Keller-
er & Strusevich, 2002). The problems with preemptive jobs are
common in the mass production of a large number of products
which can be processed in parts or when an article is produced
in a great amount, for example in the textile industry (Serafini,
1996) where the processing of any job (the article to be woven)
on one of the parallel machines (the looms) may be interrupted
(preempted) and resumed on the same or the other machine.

The remainder of this paper is organized as follows. The next
section contains the description of the problem we deal with. In
Section 3, the heuristic algorithms are presented. An illustrative
example is given in Section 4. In Section 5, a lower bound is de-
rived. Results of a computational experiment are reported and dis-
cussed in Section 6. Section 7 summarizes the paper.

2. Problem description

The problem being considered can be formally described as fol-
lows. There are n preemptive jobs to be processed at two stages in
the same technological order, first at stage 1 then at stage 2. There
are m1 and m2 parallel unrelated machines, respectively, at stage 1
and at stage 2. A job upon finishing its processing at stage 1 is
ready to be processed at stage 2; it may be processed at stage 2
when a machine is available there, or it may reside in a buffer
space of unlimited capacity following stage 1 until one of the ma-
chines at stage 2 becomes available. At each stage, a job can be pro-
cessed on any of the parallel machines, and its processing times
may be different on different machines. The processing times of
job j are equal to pij1 and pij2 if it is executed on machine i at stage
1 and stage 2, respectively. The same job cannot be processed on
the multiple machines at the same time, and no machine can work
on more than one job at the same time. The processing of a job on a
machine can be interrupted at any moment and resumed later on
the same or another machine of the same stage. It is assumed that
there is no time penalty for preempting a job. Jobs for their pro-
cessing at both stages, besides machines, require additional renew-
able resources. All required resources are granted to a job before its
processing begins or resumes and they are returned by the job

after finishing its processing at a stage or in the case of its preemp-
tion. We assume that resources are not shared by the stages, and
that at stages 1 and 2 there are available, respectively, the sets R1

and R2 of resource types. A resource of type r is available in
amounts limited to W1

r and W2
r units at a time, if it belongs to R1

and R2, respectively. The total usage of a resource at any moment
by jobs simultaneously executed on parallel machines at a stage
cannot exceed the availability of this resource at this stage. Each
job, during its processing at a stage, uses 0 or 1 unit of the resource
of each type specific to this stage. The objective is to find a sche-
dule which minimizes makespan in the flowshop, Cmax, which is
equal to the maximum job completion time at stage 2.

This problem is NP-hard in the strong sense since the simpler
problem of preemptive scheduling in the two-stage flowshop with-
out resource constraints, with two identical parallel machines at
one stage and one machine at another is NP-hard in the strong
sense (Hoogeveen, Lenstra, & Veltman, 1996).

Using standard three-field notation for resource constrained
scheduling problems given in Bła _zewicz, Lenstra, and Rinnoy Kan
(1983) and Graham, Lawler, Lenstra, and Rinnooy Kan (1979) and
extended to hybrid flow shop scheduling problems in Vignier, Bil-
laut, and Proust (1999), we denote the problem under consider-
ation by FH2 pmtn; res � � �1 Cmaxjj . Here ‘‘FH2” stays for a two-stage
hybrid flowshop, ‘‘pmtn” says that preemptions are allowed, ‘‘re-
s � � � 1” implies that the number of resources and the total amount
of each resource available at any time are parts of the input and
each job uses no more than 1 unit of a resource at a moment,
‘‘Cmax” stays for the maximization of the makespan.

3. Heuristic algorithms

The heuristic proposed in this paper for the minimum make-
span problem of preemptive scheduling in a two-stage flowshop
with parallel unrelated machines and resource constraints at both
stages, first solves the resource constrained unrelated machines
scheduling problem at the first stage, and then, using the solution
of this problem, it solves to optimality the resource constrained
unrelated machine scheduling problem at the second stage. The
makespan in the flowshop is equal to the sum of the makespan
at stage 2 and the minimum completion time at stage 1.

3.1. Finding a schedule at stage 1

To solve the problem at the first stage, we use the algorithm
proposed in Figielska (2008) (given in detail in Appendix B) to
which we introduce the selection rules (see Eqs. ((1)–(4))) appro-
priate for the flowshop with unrelated machines at both stages.
The algorithm first finds the optimal length of the schedule, T�,
and the optimal processing times, x�ij, during which jobs (or parts
of jobs) are executed on machines, by solving an LP problem
((A1)–(A7) in Appendix A) where resource constraints at any mo-
ment are replaced by resource constraints over the whole time
T�. Then, a schedule is constructed where resource constraints
are satisfied at every moment (see Appendix B).

Before the construction of the schedule, weights, wj

(j = 1, . . . , n), of all the jobs are determined. In this paper, we deter-
mine the weights of jobs according to the following four rules.

The 1st rule:

wj ¼ a random number from U½0;1Þ ð1Þ

The 2nd rule:

wj ¼
mink¼1;...;nfZkg

Zj
ð2Þ

The 3rd rule:
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