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a b s t r a c t
In this work the optimization of shape (geometry) of acoustic horns is analyzed. The ﬁnite element
method is employed for calculating the sound pressure and optimization methods of zero order (Golden
Line Search Method and Genetic Algorithm, GA) are used to obtain the optimal geometry. The shape of
the horn is approximated locally using polynomials with C1 continuity with the objective to get a few
design variables, to obtain smooth contours at each iteration and to eliminate the regularization of the
common mesh in this type of optimization. It was also studied the inﬂuence of the size of the domain
(environment) in the optimized geometry of the horn. The numerical results show the efﬁciency of this
approach and it was also found (at least from the engineering point of view) that the solution is not
unique to the geometry of the horn to single-frequency.
Ó 2012 Elsevier Ltd. All rights reserved.

1. Introduction
This paper presents the steps and procedures used for the optimization of acoustic horns, as the one shown in Fig. 1. The shape of
the waves that propagate in the output of the horn can be cylindrical for problems with planar symmetry and spherical for problems
with cylindrical symmetry. Finite Element Method (FEM) was used
to calculate the sound pressure, and the shape optimization was
performed using two different methods were used: the ‘‘Golden
Line Search Method’’ which is employed for the problems with
only one design variable, and the Genetic Algorithm method
(GA), employed for the other situations.
The modeled domain and the region where the variation in the
horn shape is allowed are shown in Fig. 2. In this ﬁgure, Cin indicates the inﬂow boundary (inlet straight tube), Cout denotes the
outer domain boundary (free air), which is deﬁned by the radius
RX. The horn walls are assumed rigid.
As reported by Bängtsson et al. [1] the problem of analyzing the
impedance and radiation properties of acoustic horns has been
treated extensively by several authors [2–6]. An excellent review
of the mathematical concepts involving the problem and its
numerical implementation was carried out by [1]. These authors
performed the shape optimization of acoustic horns also employing the Finite Element Method (FEM) and the BFGS quasi-Newton
algorithm, which uses the objective-function gradient that is
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numerically calculated with perturbation. In order to obtain a
new geometry and a ﬁnite element mesh for each iteration, velocity ﬁelds were used (see [7]). In the present work, zeroth-order gradient-free optimization methods were used and the boundary
geometry is controlled by Hermite polynomials with C1 continuity.
Then, it is shown that there are two very favorable facts when this
approach is used: for each new iteration, the horn boundary is
smooth and with no reentrance corners, and the number of design
variables for obtaining the optimum geometry is greatly reduced.
Aiming to compare the results with the ones obtained by [1], we
used the same numerical approach as the one employed by these
authors, as summarized below.

2. Mathematical formulation and hypotheses
Let denote x = (x, y) as the coordinates for a point in the X domain and n the unit normal vector (outward positive direction) on
the boundary C. It is assumed the hypotheses that the excitation is
only one frequency lower than the inlet tube cut-off frequency, and
that the acoustic waves are plane at the entrance of the horn, Cin.
For these conditions, the expression for the sound pressure perturbation at the entrance of the horn may be written as:

Pðx; tÞ ¼ AeiðjxnþxtÞ þ BeiðjxnþxtÞ

ð1Þ

where j = X/c is the typical wave p
number,
X is the wave frequency,
ﬃﬃﬃﬃﬃﬃﬃ
c is the speed of sound and i ¼ 1. The A and B terms for this
expression correspond to the amplitude of the incident and
reﬂected waves, respectively.
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Another way to express P(x, t) deﬁned in Eq. (1) is

outgoing wave
plane wave

Pðx; tÞ ¼ pðxÞeixt

where p(x) is the complex amplitude of the wave. Substituting this
expression into the Wave Equation, we obtain the differential equation in the frequency domain known as Helmholtz Equation and its
respective boundary conditions are obtained from Eqs. (4)–(6). Proceeding this way, the boundary value issue in the frequency domain
may be presented in the following way:
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Fig. 1. Geometric deﬁnitions for the studied acoustic horn (adapted from [1,14]).

c2 DpðxÞ þ x2 pðxÞ ¼ 0 in X
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Fig. 2. Deﬁnition of the design and domain region. (adapted from [1,14]).

Derivation of P(x, t) in relation to time, t, and in relation to the
normal n, yields:

@Pðx; tÞ
¼ AixeiðjxnþxtÞ þ BixeiðjxnþxtÞ
@t

ð2Þ

@Pðx; tÞ
¼ AijeiðjxnþxtÞ  BijeiðjxnþxtÞ
@n

ð3Þ

2.1. The ﬁnite-element formulation
The ﬁnite-element formulation to obtain the discrete equations
for the problem deﬁned in Eqs. (8)–(11) is the Galerkin-FEM. Mathematically we have:

Z

ð4Þ

Eq. (4) is satisﬁed for each wave of the type described in Eq. (1)
and can be used to set the amplitude of the incident wave, A, in Cin
with no need to know the amplitude of the reﬂected wave, B. Later
one, these two amplitudes will be used for deﬁning the objective
function employed in the shape optimization process of the horn.
On the boundary Cout Fig. 2, the boundary condition is of the
ﬁrst-order radiation type and it can be found in several sources
from the specialized literature, such as [8]. Mathematically, this
condition for transient problems may be expressed as following:

@Pðx; tÞ
@Pðx; tÞ cPðx; tÞ
þc
þ
¼0
@t
@n
2RX

ð5Þ

½c2 DpðxÞ þ x2 pðxÞ/j ðxÞdX ¼ 0 j ¼ 1; 2; . . . ; nf

ð12Þ

X

where /j(x) denotes the interpolation functions used in order to
approximate p(x). Expanding this expression we have:

Z

Adding these two previous equations and keeping in mind that
jc = X, we have the expression for the boundary conditions in Cin,
i.e:

@Pðx; tÞ
@Pðx; tÞ
þc
¼ 2AixeiðjxnþxtÞ
@t
@n

ð11Þ

A uniﬁed mathematical model for wave propagation in planar
or cylindrical symmetry is presented by [14]. The Eqs. (8)–(11)
models the wave propagation in planar symmetry that is the condition used in this study. Some results using the cylindrical symmetry condition are presented by [14,15].

RΩ

Γin
boundary with a rigid wall type
boundary condition

ð10Þ

@pðxÞ
¼ 0 in Crigid [ Csym
@n

Ω

y

ð7Þ

½c2 rpðxÞ  r/j ðxÞ þ x2 pðxÞ/j ðxÞdX þ

Z
C

X

c2

@pðxÞ ~
/j ðxÞdC ¼ 0
@n
ð13Þ

~ j ðxÞ represents the value /j(x) on the boundary C, i.e.,
where /
~ j ðxÞ ﬃ limx!C / ðxÞ .
/
j
Dividing all the terms in this equation by c2, we have:

Z

½rpðxÞ  r/j ðxÞ  j2 pðxÞ/j ðxÞdX 

Z
C

X

@pðxÞ ~
/j ðxÞdC ¼ 0
@n

ð14Þ

This expression can also be written in the following matrix
form:

½Kfpg  j2 ½Mfpg 

Z
C

@pðxÞ ~
/j ðxÞdC ¼ 0
@n

ð15Þ

where

½Kfpg ¼

Z

r/i ðxÞ  r/j ðxÞdXpn

ð16Þ

/i ðxÞ/j ðxÞdXpi

ð17Þ

X

where RX represents the outer radius of the domain in analysis, see
Fig. 2.
It can be clearly noticed that for RX ? 1, the third term on the
left of Eq. (5) tends to zero. The inﬂuence of the RX value on the horn
optimum proﬁle was also one of the factors studied in this paper.
Boundary conditions of Eq. (6) are set for the walls considered
rigid and for the symmetry axis:

@Pðx; tÞ
¼0
@n

ð6Þ

½Mfpg ¼

Z
X

In Eqs. (16) and (17) the subscript ‘i’ is a integer number and /i
P
(x) pi denotes the sum nne
i¼1 /i ðxÞ pi where nne is the number of
element nodes (nne = 9 in this work). This same observation
applies to the indexes that appear in Eq. (23). The subscript i of
these
equations should not be confused with the complex number
pﬃﬃﬃﬃﬃﬃﬃ
i ¼ 1 that appears in various other equations text.

