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a b s t r a c t
The p-hub center problem has extensive applications in various real-world ﬁelds such as transportation
and telecommunication systems. This paper presents a new risk aversion p-hub center problem with
fuzzy travel times, in which value-at-risk (VaR) criterion is adopted in the formulation of objection function. For trapezoidal and normal fuzzy travel times, we ﬁrst turn the original VaR p-hub center problem
into its equivalent parametric mixed-integer programming problem, then develop a hybrid algorithm
by incorporating genetic algorithm and local search (GALS) to solve the parametric mixed-integer programming problem. In our designed GALS, the GA is used to perform global search, while LS strategy is
applied to each generated individual (or chromosome) of the population. Finally, we conduct two sets of
numerical experiments and discuss the experimental results obtained by general-purpose LINGO solver,
standard GA and GALS. The computational results show that the GALS achieves the better performance
than LINGO solver and standard GA.
© 2012 Elsevier B.V. All rights reserved.

1. Introduction
Hub-and-spoke systems are used in the design of networks
for passenger airlines, express package delivery systems, communication, and other types of transportation networks. Hubs are
centralized facilities in these networks whose functions are to consolidate, switch and sort, and allow for the replacement of direct
connections between all nodes with fewer and indirect connections.
A hub-and-spoke location problem can be generically deﬁned
as a hub location problem in which the location of hubs and the
assignment of the spokes (non-hub nodes) to the hubs must be
determined. Surveys on various different hub location problems,
as well as classiﬁcation schemes can be found in Campbell et al. [6],
and O’Kelly and Miller [19].
In this paper, we concentrate on the p-hub center problem,
which can be used to design a hub-and-spoke network. The phub center problem is a combinatorial optimization problem which
aims to locate p hubs in a network and to allocate the spokes to hubs
so that the maximum travel time (cost, distance, etc.) between any
origin–destination (o–d) pair is minimized.
Campbell [5] ﬁrst introduced the p-hub center problem, and
formulated it as a quadratic program. Several linearizations of
quadratic programs were proposed by Kara and Tansel [13], who
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also provided an NP-completeness proof for single allocation case.
On the basis of the concept radius of hubs, Ernst et al. [9] proposed a
mixed-integer linear programming for the single and multiple allocation p-hub center problem, which is a subproblem of the p-hub
center problem. Campbell et al. [4] also studied the allocation subproblem and provided integer programming formulations for both
uncapacitated and capacitated cases. A single-relocation heuristic algorithm with tabu search is developed for the p-hub center
problem considering ﬂow volumes in Pamuk and Sepil [22], where
extensive numerical experiments were also carried out. The interested reader may refer to the survey of the deterministic p-hub
center problem in Alumur and Kara [2].
In hub-and-spoke systems, there are many uncertain factors
which can affect the location decisions processes such as demands,
costs, time and other parameters. The signiﬁcance of uncertainty
has prompted some researchers to address stochastic parameters in
hub location problems. For example, Yang [26] presented a stochastic model for air freight hub location and ﬂight route planning under
seasonal demand variations, who modeled the problem as a twostage stochastic program with recourse, in which the location of
hub facilities is considered as a ﬁrst-stage decision and the planning of ﬂight routes as a second-stage decision; Contreras et al. [8]
studied stochastic uncapacitated hub location problem in which
uncertainty is associated to demands and transportation costs, and
describe a Monte Carlo simulation-based algorithm that integrates
a sample average approximation scheme with a Benders decomposition algorithm to solve the problem. As travel time is typically
uncertain in reality, Sim et al. [23] ﬁrst attempted to tackle p-hub
center problem with stochastic time and service-level constraints
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involving mutually independent normal distributions; Yang et al.
[25] studied the p-hub center problem with discrete random travel
time, which seeks to conﬁgure a network to minimize efﬁcient time
point. Marianov and Serra [17] focused on randomness at the hub
nodes by representing hub airports as M/D/c queues and limiting
through chance constraints the number of airplanes that can queue
at an airport.
The aim of this work is to optimize a p-hub center problem in
fuzzy environments. The fuzziness is associated with the travel
times that are sensitive to trafﬁc conditions. To the best of our
knowledge this case has not yet been examined in the literature.
In fact, in real world problems, decision makers may encounter a
fuzzy environment in a hub-and-spoke system. In such a case, we
may rely on the experts’ experience or the decision-makers’ subjective judgement to estimate these uncertain parameters. In the
present paper, we consider a new class of fuzzy p-hub center problems. Speciﬁcally, the p-hub center problem with fuzzy coefﬁcients
is formulated as a fuzzy VaR programming model. Its essential idea
is to optimize the critical value of the total fuzzy objective with
prescribed credibility level subject to some constraints. The crisp
equivalents are also discussed when the fuzzy travel times are characterized by trapezoidal or normal fuzzy variables. The equivalent
parametric mixed-integer problems are NP-hard, so we have to rely
on heuristic solution approaches to ﬁnding its approximate optimal
solution when the size of a problem becomes large.
GA has become a popular method of solving hard combinatorial
optimization problems, it is a stochastic search procedure based
on the mechanics of natural selection, genetics and evolution [12].
Since Holland [12], GA has been well discussed and summarized in
numerous literature such as Gen and Cheng [10], Goldberg [11], and
Liu [14]. Sequential as well as parallel GA have been successfully
applied to a variety of problems in operations research, and several
applications are found in Cadenas et al. [3], Chen [7], and Montana and Hussain [18]. On the other hand, LS has been a generally
applicable approach that can be used to ﬁnd approximate optimal
solutions to hard optimization problems. The basic idea is to start
from an initial solution and to search for successive improvements
by examining neighboring solutions. In the literature, a large variety of LS algorithms has been proposed, each aiming at different
remedies to the risk of getting stuck in poor local optima. At present,
there is a proliferation of LS algorithms or, as they are often called,
metaheuristics [20]. Since all of these methods apply some kind of
neighborhood search techniques, we will simply call them LS algorithms, following the early textbook treatment by Papadimitriou
and Steiglitz [21] and the book edited by Aarts and Lenstra [1].
Simple GA is difﬁcult to apply directly and successfully into
many difﬁcult-to-solve optimization problem. In addition, GA is
not well-suited for ﬁne-turning structures which are very close
to optimal solutions. Thus, various non-standard implementations
have been created for particular problem. In this new perspective,
it is essential to incorporate conventional heuristics into GAs to
construct a more competitive algorithm. On the other hand, the
approximate optimal solution found by a local search algorithm
may depend on the initial solution used. However, a multi-start
scheme may overcome this problem. As a further reﬁnement, the
effectiveness of multi-start iterative approach may be improved
by using the information available from the solution obtained in
the individual cycles. Since the complementary properties of GA
and LS can mutually compensate their respective weakness, the
hybrid approach performs well. Following this line, we propose
an efﬁcient hybrid algorithm based on the combination of global
and local search techniques. The proposed approach keeps the
feasibility of individuals by using speciﬁc representation and modiﬁed genetic operators [24]. Computational results are presented
to demonstrate that the proposed approach is reasonable and
effective.
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The rest of this paper is organized as follows. In Section 2, we
formulate a new class of fuzzy p-hub center problems with VaR
criteria. The crisp equivalents for common fuzzy variables are discussed in Section 3. Section 4 designs a GALS solution approach by
incorporating GA and LS. Computational results are reported in Section 5 by using the proposed algorithm. Finally, Section 6 covers the
conclusions.
2. Formulation of VaR p-hub center problem
The problem considered in this paper is useful for delivery of
perishable or time sensitive systems such as express mail services
and emergency services, in which the maximum travel time represents the best time guarantee that can be offered to all customers.
To be competitive, it is important that this value is as low as possible.
Considering real road transport networks, especially in city
logistics, the actual circumstances and condition of the transit process are subject to not only the topography of the given network
but to timing as well. It is evident that in real applications the travel
times can not be considered deterministic since their values may
vary because of trafﬁc conditions, speed ambulances, time of day,
climate conditions, and land and road type. Due to the uncertainty
of relevant data, the estimated travel time by automobile between
two points has fuzzy features due to the measurement imprecision
and perception. An appropriate representation of the imprecision can be the use of fuzzy variables. Under this consideration,
we attempt to study hub location problem with uncertain travel
times characterizing by fuzzy variables, which can be determined
by experts’ experience in practice. The following assumptions are
additionally characterized:
•
•
•
•

The number of hubs to be located is predetermined (p).
There are no capacities involved.
Each origin/destination node is assigned to a single hub.
Direct transportation between non-hub nodes is not allowed.

The model formulation is based on the following notations: let
N be the set of nodes in the network, and the Tij represent the travel
time on the link from nodes i to j. We assume that the travel times
Tij , i, j ∈ N, are fuzzy variables, governed by known possibility distributions. We also make the assumption that the travel time on a link
is independent of the travel time on all other links in the network.
The travel time from nodes i to j must route through either one or
two installed hubs. The total travel time on this path i → k → m → j is
Tik + dTkm + Tmj , where discount factor 0 ≤ d ≤ 1 represents the scale
economies on the inter-hub linkage. If only one hub is used, we
have k = m and no discount factor is applied.
We deﬁne the binary variables Xik , i, k ∈ N, to represent the
assignment of node i to hub k. If Xkk = 1, this indicates that node
k is a chosen hub node. In addition, the binary path variable Xikmj
indicates if there exists a path from origin i to destination j via
hubs k and m. Using the notations above, we now present a new
approach to establishing a meaningful p-hub center problem with
VaR criteria. The main idea underlying it is to minimize the critical
value of the fuzzy objective with certain conﬁdence level ˛ subject
to some constraints. With p being the number of hubs to be opened
in the network, we employ the credibility measure [15] and formulate the fuzzy p-hub center problem as the following mathematical
programming model (FpHCP, for short):
Minimize Z
Subject to: Cr{(Tik + dTkm + Tmj )Xikmj ≤ Z} ≥ ˛,

(1)

∀i, k, m, j ∈ N
(2)

