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A B S T R A C T

The equivalent stiffness of a saturated poroelastic halfspace that supports an infinite Euler-Bernoulli beam under
a moving point load has been investigated in this paper. The smooth contact condition is assumed for the
interface of beam and halfspace, however, with an improved continuity condition, i.e. the continuities of contact
normal stress and contact vertical displacements are imposed across the width of the beam. The equivalent
stiffness of the halfspace has been evaluated using a contour integration approach such that contributions of the
Rayleigh pole and the dispersion branches can be explicitly taken into account. Influences of the continuity
condition and the permeability on the equivalent stiffness have been studied. It is found that the imaginary part
of the equivalent stiffness is nonzero since the viscous coupling between two phases of the saturated halfspace
has been considered. This observation fundamentally differentiates the present paper to the work by Shi and
Selvadurai (2016) where an infinite permeability has been assumed for the halfspace, i.e. null viscous coupling.

1. Introduction

The concept of the “equivalent stiffness” originates from the dis-
cipline of railroad engineering when the model of a beam on a Winkler
foundation is studied [1]. Dieterman and metrikine [2] adopted this
concept to the investigation of an elastic halfspace interacting with a
beam under a moving load. It was shown that, unlike the springs of
constant stiffness used in Winkler foundation, the equivalent stiffness of
a three-dimensional (3D) halfspace is dependent on the frequency and
the wave number of the bending waves in the beam. According to this
concept, the original 3D ground can be replaced by 1D continuous
foundation with a complex stiffness, which facilitates the solution and
the understanding of the beam-ground interactions. Later on, Metrikine
and Popp [3] extended the concept of equivalent stiffness to study the
vibration of a periodically supported beam on an elastic halfspace,
where the halfspace was replaced by a set of identical springs placed
under each support of the beam.

In the above the ground was modelled by a purely elastic halfspace.
In order to model the energy dissipation that happens in reality, visc-
osity needs to be added into the purely elastic ground. Kononov and
Wolfert [4] derived the equivalent stiffness of a viscoelastic halfspace
interacting with an Euler-Bernoulli beam when it is subjected to a
moving load. A method of contour integration was used in the

derivations. Steenbergen and Metrikine [5] investigated the influence
of the interface conditions on the equivalent stiffness of a beam on a
viscoelastic halfspace. Metrikine and Popp [6] studied the steady-state
vibrations of an elastic beam on a viscoelastic layer under moving load
using a direct numerical integration method. The concept of equivalent
stiffness was adopted in their investigation. Vostroukhov and Metrikine
[7] improved the method proposed by Metrikine and Popp [3] so that it
can account for stratified, viscoelastic soils. The expressions for the
steady-state deflections of the periodically supported beam were de-
rived in a closed form using the concept of equivalent stiffness.

It is noted that the viscosity in the above-cited papers has been
considered by adding viscous terms to Lamé constants for the purely
elastic ground, i.e. by using a so-called Voigt solid [8]. Unlike the ar-
tificially-introduced viscosity in the viscoelastic ground, the energy
dissipation in a saturated poroelastic ground happens naturally due to
the viscous coupling arising from the relative motion between the pore
fluid and the solid skeleton. According to Biot's theory [9], the viscous
coupling is represented by a parameter b, which is inversely propor-
tional to the permeability of the medium. Influences of the viscous
coupling on the elastic wave propagations had been experimentally
observed by Gajo [10] using saturated sand samples. Thus it may be
safe to argue that the viscosity in poroelasticity has a more physical
base than that in elasticity, since the determination of values for the
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viscous terms in elasticity lacks a solid physical foundation. In this
sense the poroelastic ground model is superior to the elastic ground
model. Moreover, the poroelastic ground model is more suitable when
there is ground water present, i.e. the pores between the soil skeletons
can be completely filled with water.

Considering a saturated poroelastic halfspace overlaid by an infinite
beam, Jin [11] derived the steady-state displacement of the beam due
to a moving oscillating load. Similarly for an infinite beam and a
moving load, Xu et al. [12] investigated the dynamic responses of the
beam resting on a layered poroelastic halfspace. The equivalent stiff-
ness of the layered halfspace was obtained via a direct numerical in-
tegration method. By modeling the railway track as multi-layers of
beam structures, Cai et al. [13–15] published serval papers on the
coupled vibrations of the track and the underlying saturated poroelastic
ground under the action a high speed train. By restricting the halfspace
to a finite depth, Xia et al. [16] studied the equivalent stiffness of a
saturated poroelastic foundation interacting with an infinite beam
subjected to harmonic moving loads. Simple contact boundary condi-
tions had been assumed for the beam/foundation interface, and the
numerical Fourier inversion method was adopted for the evaluation of
the equivalent stiffness. Recently, Shi and Selvadurai [17] studied the
dynamic responses of an infinite beam supported by a saturated por-
oelastic halfspace of infinite permeability (i.e. the viscous coupling
vanishes). The concept of equivalent stiffness was adopted in the de-
rivations, where the expressions were obtained analytically using a
contour integration procedure. The work cited above had shown that
the dynamic responses of saturated ground are significantly different
from that of the elastic ground when the load velocity increases to some
critical values.

This paper focuses on the equivalent stiffness of a saturated por-
oelastic halfspace interacting with an infinite beam of finite width. An
improved version of smooth contact condition is assumed for interface
of the beam and the halfspace, i.e. the continuities of normal contact
stress and vertical contact displacements are imposed across the width
of the beam. Such a contact condition can guarantee there is no se-
paration between the beam and the halfspace when a vertical load is
applied. The expression for the equivalent stiffness has been derived
analytically using a contour integration approach, such that contribu-
tions of the Rayleigh pole and the dispersion branches associating with
the three body waves (P1, P2 and S waves) can be explicitly taken into
account. It is shown that the equivalent stiffness is a complex function
of the frequency and the wavenumber of waves in the beam. The de-
pendence of the equivalent stiffness on the phase velocity of waves in
the beam has been presented for different continuity conditions and
different permeability of the halfspace. With the equivalent stiffness of
the halfspace, the initially 3D problem can be exactly reduced into a 1D
model, subsequent evaluations on the beam responses present no dif-
ficulty, and thus they are omitted in this paper. In fact, the equivalent
stiffness already provides important preliminary information about the
responses of the system, since the phase velocity of waves in the beam
excited by the load is equal to the velocity of the moving load.

2. Problem formulation

Fig. 1 shows the analysis model that consists of an infinite beam of
finite width ( a2 ) resting on the surface of a homogeneous poroelastic
halfspace. A moving constant load of amplitude F0 and velocity c is
applied to the center-line of the beam. The load acts vertically to the
halfspace surface. The model is at rest initially and reaches a steady
state when the load has been moving along the beam for a long time.

2.1. Governing equations

The beam deflects only in the longitudinal direction and its dynamic
flexural response is described by the Bernoulli-Euler beam theory
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where wb is the beam deflection; EI is the bending rigidity; mb is the
mass of the beam per unit length; qc is the unknown contact line force at
the beam-halfspace interface acting along the center line of the beam;

⋅δ ( ) is the Dirac delta function.
The dynamics of the saturated poroelastic halfspace governed by

Biot's theory [9] take the forms
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The constitutive equations are
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where ui and wi ( =i x y z, , ) are the soil skeleton displacement and the
pore-fluid average displacement relative to the soil skeleton, respec-
tively. The definitions for the other parameters in Eqs. (2)–(5) are
omitted for brevity. One is referred to the paper by Shi and Selvadurai
[17] for more details.

According to Biot's theory, there are three levels of coupling in a
saturated poroelastic medium, namely the viscous coupling, the me-
chanical coupling and the inertial coupling. The viscous coupling is
related to the parameter =b η k/ , where η is the fluid viscosity and k is
the intrinsic permeability of the soil medium. The parameter b, together
with the frequency ω, determine the viscous drag force applied to the
soil skeleton by the pore fluid. This can be quantitatively measured by
introducing a dimensionless frequency ratio =χ ω ω/ c, where

= −ω bρ mρ ρ/( )fc
2 is the characteristic frequency of the saturated por-

oelastic medium [18]. It has been reported in literature [18] that the
viscous coupling is dominant when <χ 0.1, while the inertial coupling
becomes dominant when >χ 10, leaving < <χ0.1 10 a narrow tran-
sition band. When the viscous coupling is dominant, the relative motion
between the two phases of the saturated medium would be cancelled
out. In this circumstance the P2 wave is evanescent and diffusion-like,
thus the saturated poroelastic medium reduces to an elastic medium

Fig. 1. Geometry of an infinite beam of finite width on a saturated
poroelastic halfspace.
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