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This paper investigates the capacitated lot sizing problem in closed-loop supply chain considering setup
costs, product returns, and remanufacturing. We formulate the problem as a mixed integer program and
propose a Lagrangian relaxation-based solution approach. The resulting Lagrangian subproblems are then
solved by polynomial time algorithms. Compared to existing solution methods in the literature, our
Lagrangian relaxation based approach is advantageous in that it naturally provides a lower bound on the
optimal objective function value, which allows us to assess the quality of solutions found. Numerical
experiments using synthesized data demonstrate that our approach can ﬁnd quality solutions efﬁciently.
& 2012 Elsevier B.V. All rights reserved.
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1. Introduction
In recent years, the lot sizing problem (LSP) in closed-loop
supply chain has received growing attention (Jr. and Wassenhove,
2009). Unlike traditional supply chain, where products ﬂow from
manufacturers to customers, in closed-loop supply chain, the
manufacturers often setup a program to collect used products
from customers and further process them to make a proﬁt or
reduce their environmental impacts. Such collection programs
then incur reverse product ﬂows from customers back to manufacturers and form what is called a closed-loop supply chain. In
closed-loop supply chain, the lot sizing problem needs to take
into consideration not only time-varying demands for a set of
products over certain periods but also the inventory costs and
processing costs associated with collected used products. The goal
is to produce a cost-minimizing production schedule, that is, the
production quantities for each product at each period (Brahimi
et al., 2006b). In this paper, we study the capacitated lot sizing
problem in closed-loop supply chain where setup costs, product
returns and remanufacturing are considered.
Our research originated from the collaboration with a paper
product manufacturer. Besides making newly manufacturers
paper product from virgin pulp, the manufacturer also utilizes
deinked pulp processed from collected recyclable paper to make
remanufactured product. The two paper products made from
virgin pulp and deinked pulp are branded differently to serve
different market segments. In its plant, the production using
virgin pulp and that using deinked pulp are subject to an overall
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production capacity limit. When recyclable paper products can
not be processed into deinked pulp fast enough, they incur
inventory cost at the warehouse. The manufacturing cost for
virgin pulp and the remanufacturing cost for de-inked pulp are
different and so are the demands and prices of the ﬁnal paper
products made from the two types of pulps.
Since the pioneering work of Wagner and Whitin (1958), there
has been a growing interest in lot sizing problem. For a review of lot
sizing problems, their extensions and solution approaches, please
refer to Karimi et al. (2003), Brahimi et al. (2006b), Degraeve and
Jans (2007), Quadt and Kuhn (2008) and Buschkühl et al. (2010).
Recent research can be referred to Hop and Tabucanon (2005),
Brahimi et al. (2006a), Pan et al. (2009), Süral et al. (2009), Smith
et al. (2009), Cárdenas-Barrón (2010), Önal and Romeijn (2010),
Piñeyro and Viera (2010), Helber and Sahling (2010), Sancak and
Salman (2011), Kenné et al. (2011).
Existing literature on capacitated closed-loop lot-sizing problem is
limited. Li et al. (2007) examine the capacitated lot sizing problem
with substitutions and return products. They ﬁrst develop a heuristic
genetic algorithm (GA) to determine all periods requiring production
setup and then take a dynamic programming approach to determine
the quantities produced for new products and remanufactured
products. The performance of their heuristic genetic algorithm is
compared to a branch-and-bound algorithm implemented in Lingo.
Although genetic algorithm can produce good feasible solutions, it is
difﬁcult to gage its optimality. More recently, Pan et al. (2009) study
the capacitated lot sizing problem in closed-loop supply chain where
returned products are collected from customers. They look at several
variants of the problem and take a dynamic programming (DP)
approach to solve the models. In the variant where both production
and remanufacturing are capacitated, a pseudo polynomial time
algorithm is proposed. Experiments show that their approach can
ﬁnd optimal solutions for small problem instances, however, for
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large-scale problems, dynamic programming based approaches suffer
from the renowned problem of ’’curse of dimensionality’’ and it is
difﬁcult, if not impossible, to solve the model.
In this paper, we study a variant of the capacitated lot sizing
problem in closed-loop supply chain. The problem context in our
mind is as follows. A factory produces two types of products, one
manufactured from raw materials and the other remanufactured
from collected used products. The demands for these two products
are separate, deterministic, and time varying during a ﬁnite planning
horizon, and should be satisﬁed without backlogging. The total
production capacity for manufacturing new product and remanufacturing used product are limited. We formulate the problem as a
mixed integer programming model and develop a Lagrangian relaxation (LR) based solution approach. The Lagrangian subproblems are
solved by polynomial time algorithms. Compared to existing GA or
DP based algorithms, our approach is advantageous in that: (a) the LR
approach can provide a lower bound to assess the quality of solutions
found while GA approach cannot; and (b) although the DP approach
can ﬁnd optimal solutions to small size problems, it often fails for
larger instances. Computational experiments demonstrate that our
approach can ﬁnd satisfactory solutions efﬁciently.
The remainder of the paper is organized as follows. In Section
2, we deﬁne notations used in this paper and present our model.
We discuss the details of our Lagrangian relaxation based
approach in Section 3. In Section 4, we perform extensive
computational experiments to evaluate the performance of the
algorithm. Finally, we conclude this paper and outline future
research directions in Section 5.

Table 2
Decision variables.

at

1, if new products are manufactured in period t; 0, otherwise
Quantity of new products manufactured in period t
Inventory stock of new products at the end of period t
1, if returned products are remanufactured in period t; 0, otherwise
Quantity of returned products remanufactured in period t
Inventory stock of remanufactured products at the end of period t
Inventory stock of returned products at the end of period t

xt
It

bt
yt
it
itr

 The manufacturing capacity is sufﬁcient to meet the demands
in each period, in particular we have:
1. The capacity can satisfy the demands for new products and
remanufactured products simultaneously, i.e.,
t
X

ðDi þdi Þ r

i¼1

t
X

Ci,

8t ¼ 1,2,. . .,T:

i¼1

2. The quantity of returned products can satisfy the demand
for remanufactured products, i.e.,
t
X

di r

i¼1

t
X

Ri ,

8t ¼ 1,2,. . .,T:

i¼1

3. The capacity can satisfy the demand of remanufactured
products in each period, i.e.,
dt rC t ,

8t ¼ 1,2,. . .,T:

 Initial inventory stocks are zero, i.e.,
2. Notation and model formulation
We assume that the facility in focus produces one type of
product. Simultaneously, it collects returned product and makes
remanufacturing production. The amount of returned products is
deterministic over the planning horizon. New products and remanufactured products face deterministic but time-varying demands
for a ﬁnite planning horizon and should be satisﬁed separately
without backlogging. The costs consist of a ﬁxed setup cost
incurred whenever production is scheduled, a linear production
cost proportional to the production quantity, and a linear inventory
holding cost. All of the cost components are considered for both
manufacturing and remanufacturing activities. In addition, the
inventory holding cost of returned products is taken into account
as well. Tables 1 and 2 summarize the notation used in this paper.
Without loss of generality, we further make the following
underlying assumptions.

 The demands for new products and remanufactured products
are separate and backlog is not allowed.
Table 1
Data and parameters.
T
St
Ut
Pt
rt
Ht
ht
hr
Dt
dt
Rt
Ct
M

Number of time periods in the planning horizon
Setup cost for manufactured new products in period t
Setup cost for remanufactured products in period t
Unit production cost for new products in period t
Unit production cost for remanufactured products in period t
Unit holding cost for new products in period t
Unit holding cost for remanufactured products in period t
Unit holding cost for returned products in period t
Demand of new products in period t
Demand of remanufactured product in period t
Quantity of returned product in period t
Available capacities for manufacturing and remanufacturing
activities in period t
A sufﬁciently large positive number

I0 ¼ i0 ¼ ir0 ¼ 0:

 Inventory holding cost of returned products is less than that of
remanufactured products, i.e.,
T
X

T
X

r

hi r

i¼t

hi ,

8t ¼ 1,2,. . .,T:

i¼t

Now we formally present our model as:
Min

T
X

r r

½ðSt at þ pt xt þ Ht It Þ þ ðU t bt þr t yt þht it Þ þ ht it ,

ð1Þ

t¼1

s:t: It ¼ It1 þ xt Dt ,

8t ¼ 1,2,. . .,T,

ð2Þ

it ¼ it1 þyt dt ,

8t ¼ 1,2,. . .,T,

ð3Þ

irr ¼ irt1 þ Rt yt ,

8t ¼ 1,2,. . .,T,

ð4Þ

xt þ yt r C t ,

8t ¼ 1,2,. . .,T,

ð5Þ

xt rM at ,

8t ¼ 1,2,. . .,T,

ð6Þ

yt r M bt ,

8t ¼ 1,2,. . .,T,

ð7Þ

at , bt A f0,1g, 8t ¼ 1,2,. . .,T,

ð8Þ

xt ,yt Z0,

ð9Þ

8t ¼ 1,2,. . .,T:

The objective function minimizes the sum of setup cost, production cost, and inventory cost for new products and remanufactured
products in all periods. Constraints (2)–(4) are inventory balance
constraints for new products, remanufactured products, and
returned products, respectively. Constraints (5) represent capacity
constraints for manufacturing and remanufacturing activities.
Constraints (6) and (7) specify the setup costs of manufacturing
and remanufacturing. Constraints (8) and (9) are standard integrality and non-negative constraints.

