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a b s t r a c t
We brieﬂy discuss ideas about computable economics, and comment on the contributions
of A.A. Lewis and K.V. Velupillai. We then sketch the mathematical background for the Tsuji
et al. (Tsuji, M., da Costa, N.C.A., Doria, F.A., 1998. The incompleteness of theories of games.
Journal of Philosophical Logic 27, 553–564) result on the undecidability and incompleteness
of game theory and of the theory of competitive markets, using that result in the concluding
sections of the paper to examine the (possible) empirical interpretation of economic and
social systems as computing devices.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
The central question in this paper arose out of a discussion of one of the authors4 with K.V. Velupillai. Plainly,
can we look at economic or social systems as if they were computing devices in some reasonable sense?
By a computing device we mean either a Turing machine, an analog device or one of the conjectured extensions of
both (see Doria and Costa, 2006) as in the hypercomputation theories. However throughout this paper, when we talk about
“computability” or “algorithm” we always mean Turing-machine computability or Turing machine algorithms.
That question may be formulated in the realm of computational economics, and computational economics can be seen as
a discipline that encompasses three different (and assuredly nonequivalent) ways of looking at economic and social systems:
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• Can we computationally5 predict the behavior of some (economic, social) phenomenon X? Can we compute quantitative
data about X?
• Can we formulate in a constructive way the main results from mathematical economics?
• Finally, can we look at economic (and social) processes as computing devices?
We will deal in this paper with the last question above, which we stress:
Can we look at economic and social processes as some sort of computing devices?
If we restrict our search about the subject to the last 30 years, we see that several of the main contributions to the
area have been made by A.A. Lewis and K.V. Velupillai. Our interest in their work has to do with the emphasis they
place on the metamathematical phenomena that bear on mathematical economics; this should help to clarify our main
question.6

1.1. Goals of this paper
We use the Tsuji et al. (1998) incompleteness theorem for game theory in the light of the results by Lewis and Velupillai
in order to try to understand whether it makes sense to interprete actual economic systems and processes as computing
devices.
As an aside, we discuss the Tsuji et al. result and explain its meaning for a wider audience in the economics community.
The central point we wish to stress, a point which is very clear from the work of Lewis and Velupillai, is: once you build
your argument within a framework that includes enough arithmetic to develop recursive function theory in it, then you
get Gödel incompleteness everywhere, that is, you get undecidable sentences of all sorts, including those that deal with
interesting or pressing theoretical questions.
For a detailed presentation of the main concepts we require here from computer science see Machtey and Young (1979)
and Rogers (1967). For a summary of the main ideas directed to the economics community see Velupillai (2000).

2. A.A. Lewis, K.V. Velupillai
We now brieﬂy summarize some of the results by Lewis and Velupillai.

2.1. A.A. Lewis
We base this short review on a few selected papers by Lewis (1991, 1992a,b):
• Lewis’ chief result on the undecidability of game theory had been announced in 1986, but only appeared in print in 1992
(see Lewis, 1992b), even if it was widely circulated beforehand. The result is that recursively presented games have a
nonrecursive arithmetic degree.
Less technically, even if we can describe a game by some recursive function, its equilibria may be noncomputable. This is
a remarkable result that inspired the work by Tsuji et al. (1998). Tools used in Lewis’ argument are taken exclusively from
within recursion theory, in contrast to the Tsuji and the da Costa and Doria results, which use a different approach and ask
for weaker conditions on the game.
• A second, more impressive construction is given in (Lewis, 1992a, b), where Lewis shows that the Busy Beaver function
(Radó, 1962) naturally appears in the theory of choice functions (Lewis’ argument is too complex to summarize here). It is
again a remarkable result that may tie in with the fact that the counterexample function to the P = NP hypothesis grows
in its peaks at least as fast as the Busy Beaver function [?].7
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As stressed, in the sense of Turing-machine computability.
We here use “constructive” in a rather loose way: we mean by that word some technique or procedure that avoids formulating theorems of purely
existential content, that is, a theorem is constructive, roughly, in this sense if it asserts the existence of some object X and “exhibits” it with the help of some
explicit procedure.
The reason is: one sometimes can have a proof that asserts the existence of some object, but does not give us a technique or procedure to obtain an actual
example of that object. For instance:
Shannon’s coding theorem for noisy channels asserts the existence of codings with prescribed properties, but its proof offers no actual way to obtain one
such coding Shannon (in press).
The Nash equilibrium theorem shows that every noncooperative game with a ﬁnite strategy set has a Nash equilibrium, yet as we show here we may
eventually have unsurmountable difﬁculties to compute that equilibrium in inﬁnitely many cases.
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The Busy Beaver function was invented by Tibor Radó in 1962 and can be thus deﬁned: consider all Turing machines with a binary alphabet and with k
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