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In this paper, we consider a differential–algebraic biological economic system with time
delay and harvesting where the dynamics is logistic with the carrying capacity propor-
tional to prey population. By considering the time delay as bifurcation parameter, we ana-
lyze the stability and the Hopf bifurcation of the differential–algebraic biological economic
system based on the normal form approach and the center manifold theory. At last, numer-
ical simulations are performed to illustrate the analytical results.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, great attention has been paid to the management of renewable resources. The reason is that mankind is
facing the problems about shortage of resource and worsening environment. Concerning the conservation for the long-term
benefits of humanity, there is a wide-range of interest in analysis and modelling of biological systems, especially on pred-
ator–prey systems with or without time delay. The inclusion of delays in these systems has illustrated more complicated
and richer dynamics in terms of stability, bifurcation, periodic solutions and so on. For references see [1–10]. Most of these
discussions on biological models are based on normal systems governed by differential equations or difference equations.

In daily life, economic profit is a very important factor for governments, merchants and even every citizen, so it is
necessary to research biological economic systems, which can be described by differential–algebraic equations or differen-
tial–difference–algebraic equations. In 1954, Gordon [11] studied the effect of harvest effort on ecosystem from an economic
perspective and proposed the following economic theory:

Net Economic Revenue (NER) = Total Revenue (TR) � Total Cost (TC).
This provides theoretical evidence for the establishment of differential algebraic equation. Recently, based on the eco-

nomic theory as mentioned above, Zhang et al. [12,13] have established a class of differential–algebraic biological economic
models and they investigate the dynamical behavior of the system with harvesting on predator. However, they do not derive
the formula for determining the properties of Hopf bifurcation of the differential–algebraic biological economic models. In
this paper, we investigate the stability and direction of the Hopf bifurcation of the differential–algebraic biological economic
model system with time delay and harvesting on predator. In what follows, we introduce the new biological economic system.

The basic model we consider is based on the following ratio-dependent predator–prey system with harvest

dxðtÞ
dt ¼ xðtÞðr1 � eyðtÞÞ;

dyðtÞ
dt ¼ yðtÞ r2 � h1

yðt�sÞ
xðtÞ � EðtÞ

� �
;
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where r1; r2 represent growth rate of the prey and predator, respectively, e and h1 are positive constants, and s denotes the
delay time for the prey density, xðtÞ and yðtÞ can be interpreted as the densities of prey and predator populations at time t,
respectively, EðtÞ represents harvesting effort, yEðtÞ indicate that the harvests for prey and predator population are
proportional to their densities at time t. When there is no harvesting was considered by Çelik [7] in detail. In this model,
predator density is logistic with time delay and the carrying capacity proportional to prey density. Notice that, in model
(1) the carrying capacity is not constant but proportional to prey density that changes the dynamical structure in different
aspects.

According to Gordon [10] economic theory equation as mentioned above, we let NER = m, TR ¼ pEðtÞyðtÞ and TC ¼ cEðtÞ,
where p > 0 is harvesting reward per unit harvesting effort for unit weight predator, c > 0 is harvesting cost per unit har-
vesting effort for predator, m > 0 is the economic profit, then, we can obtain a biological economic system expressed by dif-
ferential–algebraic equation as follows:

dxðtÞ
dt ¼ xðtÞðr1 � eyðtÞÞ;

dyðtÞ
dt ¼ yðtÞ r2 � h1

yðt�sÞ
xðtÞ � EðtÞ

� �
;

0 ¼ EðtÞðpyðtÞ � cÞ �m:
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For simplicity, let

f ðXðtÞ; EðtÞÞ ¼
f1ðXðtÞ; EðtÞÞ
f2ðXðtÞ; EðtÞÞ

� �
¼

xðtÞðr1 � eyðtÞÞ
yðtÞ r2 � h1

yðt�sÞ
xðtÞ � EðtÞ

� � !
;

gðXðtÞ; EðtÞÞ ¼ EðtÞðpyðtÞ � cÞ �m;

where XðtÞ ¼ ðxðtÞ; yðtÞÞT , s is a bifurcation parameter, which will be defined in what follows.
In this paper, we mainly discuss the effects of the economic profit on the dynamics of system (2) in region

R3
þ ¼ fYðtÞ ¼ ðxðtÞ; yðtÞ; EðtÞÞjxðtÞP 0; yðtÞP 0; EðtÞP 0g.

The organization of this paper is as follows: regarding s as bifurcation parameter, we study the stability of the equilibrium
point of the system (2) and Hopf bifurcation of the positive equilibrium depending on s where we show that the positive
equilibrium loses its stability and the system (2) exhibits Hopf bifurcation in the second section. Then, based on the new
normal form of the differential–algebraic system introduced by Chen et al. [15] and the normal form approach theory
and center manifold theory introduced by Hassard et al. [18], we derive the formula for determining the properties of Hopf
bifurcation of the system in the third section. Numerical simulations aimed at justifying the theoretical analysis will be re-
ported in Section 4. Finally, this paper ends with a discussion.

2. Local stability analysis

From system (2), we can see that there exists an equilibrium in R3
þ if and only if the equations

xðtÞðr1 � eyðtÞÞ ¼ 0;

yðtÞðr2 � h1
yðt�sÞ

xðtÞ � EðtÞÞ ¼ 0;

EðtÞðpyðtÞ � cÞ �m ¼ 0:
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It is obvious that Eq. (3) has an only real solutions: Y0 ¼ ðx0; y0; E0Þ ¼ h1y0
r2�E0

; r1
e ;

me
pr1�ce

� �
. It should be noted that we only con-

centrate on the interior equilibrium of the system (2), since the biological meanings of the interior equilibrium imply that
prey and predator and harvesting all exist, which are relevant to our study. So in this paper, a simple assumption that the
inequality 0 < m < r2ðpr1�ecÞ

e holds. In order to analyze the local stability of the positive equilibrium point for the system (2),
we first use the linear transformation YT ¼ QNT , where

N ¼ ðu;v ; EÞ; Q ¼
1 0 0
0 1 0
0 � pE0

py0�c 1

0
B@

1
CA:

Then we have DY gðY0ÞQ ¼ ð0;0; py0 � cÞ; u ¼ x; v ¼ y; E ¼ pE0
py0�c yþ E, for which system (2) yields

duðtÞ
dt ¼ uðtÞðr1 � evðtÞÞ;

dvðtÞ
dt ¼ vðtÞðr2 � h1

vðt�sÞ
uðtÞ þ

pE0
py0�c vðtÞ � EðtÞÞ;

0 ¼ ðEðtÞ � pE0
py0�c vðtÞÞðpvðtÞ � cÞ �m:
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Now we derive the formula for determining the properties of the positive equilibrium point of the system (4). First we
consider the local parametric w the third equation of system (4) as the literature [14,15], which defined as follows:

½uðtÞ; vðtÞ; EðtÞ�T ¼ wðZðtÞÞ ¼ NT
0 þ U0ZðtÞ þ V0hðZðtÞÞ; gðwðZðtÞÞÞ ¼ 0;
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