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abstract
This paper is focused on the study of a dynamic competitive equilibrium by using Lagrangean multipliers. This mathematical formulation allows us the improve the Walrasian
model by considering the common possibility of an uncharged delayed payment in a given
time (for example, by using a credit card). Firstly the economic equilibrium problem is reformulated as an evolutionary variational problem; then the Lagrangean theory in infinite
dimensional spaces is applied. Thanks to the application of this theory we obtain the existence of Lagrangean multipliers, which allows us to give a computational procedure for
the equilibrium solutions.
© 2011 Elsevier Ltd. All rights reserved.

1. Introduction
The duality and Lagrangean theory provide interesting contributions, absolutely necessary for the better understanding
and handling of an increasing number of equilibrium problems whether in the static case or in the evolutionary case: the
traffic equilibrium problem, the financial equilibrium problem, the spatially distributed markets equilibrium problem, the
oligopolistic market equilibrium problem, the mixed equilibrium problem, the pollution control problem, the vaccination
problem, and the Walras equilibrium problem (see e.g. [1–10]). Each of the aforementioned problems can be transformed
into a variational problem on a convex subset K of a suitable functional space, for which an impressive quantity of results
in terms of existence, calculation of the solutions, stability and sensitivity analysis hold. This study is also undertaken by
applying a suitable duality and Lagrangean theory in order to obtain necessary and/or sufficient optimality conditions. The
Lagrangean theory is useful not only to provide a qualitative analysis of equilibria, but also to calculate the solutions.
In this paper, a dynamic competitive equilibrium for a Walrasian pure exchange economy has been considered. This
problem was introduced by Walras in [11]. The equilibrium model is built through the maximization of a utility function
from which a nonpositive excess demand function is derived. Still now the mathematical study of the Walras equilibrium
represents an active and interesting research topic (see e.g. [12–15,8,16–18]). In this paper, we introduce a continuum model
of a competitive equilibrium for a pure exchange economy in the finite interval [0, T ] and we give a dynamic formulation
of the equilibrium conditions. In this evolutionary market the aim of each agent is not to maximize his utility at the fixed
instant t, but to maximize it globally in the whole period of time. During the interval of time [0, T ] each agent trades his own
commodities with the other agents taking into account his own budget set: the amount that each agent pays for acquiring
the goods in the whole period [0, T ] is at most the amount that each agent receives, during the period [0, T ], as his initial
endowment. Then, mathematically the equilibrium is reformulated in terms of a maximization problem of an integral utility
function on a feasible set, in which the constraint is given in an integral form and in terms of a nonpositive excess demand
function. First, we prove that the equilibrium is a solution to a suitable evolutionary quasi-variational inequality which is
set in the Lebesgue space L2 ([0, T ], R). Our main result in this paper is to obtain the Lagrangean variables relative to the
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equilibrium, by applying the Lagrangean theory in infinite dimensional normed spaces. These variables allow us to have a
complete description of the behaviour of the economic market during the evolution in time. We would like to emphasize
that, since the budget constraint is expressed in an integral form, it is not possible to obtain the equivalence between the
evolutionary variational problem and a pointwise variational problem in a finite dimensional space. So we cannot calculate
equilibrium solutions by solving the pointwise variational inequality. Our study will also be useful to overcome the difficulty
of computing equilibrium solutions. The paper is organized as follows: in Section 2, we introduce the evolution in time of
a competitive equilibrium problem for a pure exchange economy. In Section 3, we prove that the evolutionary equilibrium
is a solution to a suitable evolutionary quasi-variational inequality and, by using this variational formulation, we apply the
Lagrangean theory to our problem. Finally, the equilibrium is characterized in terms of a quasi-variational inequality and
in terms of the Lagrange multipliers. In Section 4, we conclude the paper with some remarks and, in order to support the
theoretical results, we provide a numerical example. So this numerical example will provide evidence of the efficacy of our
main result.
2. Dynamic competitive equilibrium problem
Let us consider a marketplace consisting of l different goods indexed by j and n agents indexed by a in the period of time

[0, T ]. In order to express the time-dependent equilibrium conditions by means of an evolutionary variational inequality,
j
j
we choose as a functional setting the Lebesgue space L2 ([0, T ], Rl ). Let ea (t ) and xa (t ) denote, respectively, the nonnegative

endowment and consumption by agent a of the commodity j at the time t. We suppose that each agent a is at least endowed
with a positive quantity of commodity (survivability assumption). Let pj (t ) denote the nonnegative price associated to
commodity j at time t. By grouping the introduced quantities in vectors one has that the total endowment vector ea , the
consumption vector xa and the price vector p belong in L2 ([0, T ], Rl ) = L and the market consumption matrix x = {xa }a=1,...,n
belongs to L2 ([0, T ], Rn×l ). In this market, where a competitive behaviour prevails, the agents’ preferences, relative to the
total consumption xa at time t, are expressed by the utility functions ua (t , xa (t )) defined on [0, T ] × Rl . We suppose that,
for all a = 1, . . . , n,

(A1 ) ua (t , xa (t )) is measurable in t;
(A2 ) ua (t , xa ) is concave with respect to xa ;
(A3 ) for all j = 1, . . . , l, ∂ ua (tj,xa ) exists and is measurable in t and continuous with respect to xa ;
∂ xa

(A4 ) the following growth condition holds:
‖ − ∇ ua (t , xa (t ))‖ ≤ µa (t )‖xa ‖L + νa (t ) ∀xa ∈ L a.e. in [0, T ]
where µa ∈ L∞ ([0, T ]) and νa ∈ L2 ([0, T ]) are nonnegative functions.
Since the utility function in an economy is usually concave, then we require the condition (A2 ), so that the integral utility
T
function Ua (xa ) = 0 ua (t , xa (t )) dt is concave. Thanks to conditions (A1 ), (A3 ), (A4 ) we can characterize the dynamic
problem in terms of a variational inequality problem involving the L2 -scalar product in [0, T ].
Let CL be the ordering cone of L: CL = {α ∈ L : α j (t ) ≥ 0 a.e. in [0, T ] ∀j = 1, . . . , l}. Now let us give the following
definition of an equilibrium for a dynamic competitive economy.
Definition 1. The pair (p, x) ∈ P ×

∏n

a=1

Ma (p) is a dynamic competitive equilibrium if and only if

xa ∈Ma (p)

for all j = 1, . . . , l

n
−


T

∫

for all a = 1, . . . , n Ua (xa ) = max

ua (t , xa (t )) dt ,

xa (t ) − eja (t ) ≤ 0
j



(1)

0

a.e. in [0, T ],

(2)

a=1



where Ma (p) = {xa ∈ L : xa ∈ CL , ⟨p, xa − ea ⟩L ≤ 0}, and P = p ∈ L : p ∈ CL ,

1
T

 T ∑l
0



j
j=1 p (t )dt = 1 .

In the set Ma (p) the inner product ⟨p, xa ⟩L represents how much the agent spends in all the time [0, T ] to buy commodity
xa ; while the inner product ⟨p, ea ⟩L represents how much the agent earnes during the interval of time [0, T ], by selling
his endowment ea . This trading is made taking into account the current price p. Hence, since there are not further profits,
each consumer must satisfy the natural budgetary constraint: the selling cannot exceed the earning; this constraint is not
required at the fixed time t, but globally in the whole time [0, T ].
 T ∑l
j
Here we set the price as an average with respect to the time, that is T1 0
j=1 p (t ) dt = 1. This approach is inspired
from the dynamic traffic equilibrium model with elastic demand given in [2] and by taking into account that the dynamic
Walrasian price equilibrium problem can be considered as a particular network equilibrium problem (see e.g. [19]). The
meaning of the average formulation on the constraint set P is that prices can float in the considered time frame. The prices
might exceed 1 at a certain time, and later be less than 1 so that on average they are exactly 1. The latter condition is a
realistic addition to Walrasian models since the prices are flexible, as happens in the real world.

