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We explore the sectoral and aggregate implications of some endogeneization rules (i.e. on value-added and
final demand) which have been common in the extended demand-driven Leontief model and have been
recently proposed in the supply-driven Ghosh model. Extended linear models are refinements that aim at
endowing the linear models with additional general equilibrium feedbacks. We detect that these rules may
give rise in these models to some allegedly pathological and biased behavior. We find that in these models
sectoral or aggregate output may not follow the logical and economically expected direct relationship with
some underlying endogenous variables — namely, output and value-added in the supply-driven model and
output and consumption in the demand-driven model. Because of their sharedmathematical structure, whatever
is or seems to be pathological in the Ghosh model also has a symmetric counterpart in the Leontief model. These
would not be good news for the inner consistency of these linearmodels and raise doubts regarding the validity of
their empirical applications. To avoid such possible inconsistencies, we propose new and simple endogeneization
rules that have a sound economic interpretation.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Both the classical Leontief (1936) and Ghosh (1958) models have
been subjected to criticism because of the way they handle the role of
some key variables. In Ghosh, for instance, output depends on
value-added and a change in a given sector's value-added will rise
output everywhere with no need for additional value-added in the
rest of sectors. There is more output overall but value-added is, in
general, insensitive to this fact. In Leontief, in turn, output depends
on final demand (say, consumption for simplicity). Any change in
final consumption will raise output everywhere but this will not get
reflected in any additional demand for consumption, even though
overall there is more output and income around. We may conclude
that consumption is insensitive to income, a fact that also runs against
standard economic logic.

These observations suggest that these features of Ghosh and Leontief
traditional models are not quite realistic features of any production and
consumption processes. Enter therefore the extended versions of these
models to overcome these unwanted properties. In the Leontief model,
we can establish a relationship between output x andfinal consumption
d (or a part of it) by way of introducing the missing connection d =
ϕL(v) between consumption d and value-added v. In Ghosh the rela-
tionship between output and value-added (or a part of it) is made ex-
plicit linking the required value-added in each sector to put out a unit

of aggregate consumption, i.e. v = ϕG(d). Fig. 1 below provides a sim-
pler graphical representation of the lines of causality in the standard
(in the enclosed rectangular areas) and extended models.

We visually confirm why in both the standard and the extended
cases, the Leontief model is demand-driven (i.e. through d directly, or
indirectly via v) and the Ghosh model is supply-driven (i.e. through v
directly, or indirectly via d).

Guerra and Sancho (2011) are, to our knowledge, the first to pro-
pose a Ghosh extended model version by incorporating value-added
as an endogenous variable. They posit final consumption for each
good to be a positive fraction of the corresponding sectorial output
making the consumption coefficients fully coherent with the output
allocation coefficients while sectorial value-added depends on aggre-
gate consumption. In their version of the Ghoshmodel, the only exog-
enous variable is what we may call a public input and therefore
production is driven from this supply side variable of the economy.

In a recent article, however, Oosterhaven (2012) points out an al-
legedly anomalous property of the so called extended Ghosh model
by means of a numerical example based in the 3 × 3 input–output
table of Guerra and Sancho (2011). The pinpointed anomaly is the
possibility of having an inverse relationship between production
and value-added in a sector. This means that we may have that total
production in a sector increases while its value-added diminishes.
This possibility is, according to Oosterhaven, even worse than leaving
that variable unchanged. Furthermore, one can also see in the same
example that total production of the economy may go in the opposite
direction of total value-added. We share with Osterhaven that this
lack of realism in the production process, may indeed be a serious
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criticism for any model thus built. Furthermore, this author also shows,
by some numerical examples, that such an undesirable property no lon-
ger applies to the demand-driven Leontief extended model.

Themain purpose of this paper is to discuss the logic and structure of
these unwanted and anomalous properties— going beyond results based
only on numerical examples. We do so by way of analyzing the general
and explicit solutions of the equilibrium values of both the Ghosh and
Leontief extendedmodels in a 2 × 2 scenario, which is sufficient to iden-
tify and characterize the main issues. Since both linear models share the
same mathematical structure, whatever property – good or bad – of the
Ghosh model may have, we find a precise and formal counterpart in the
Leontief model.

Unfortunately, what we find is that the aforementioned unwanted
properties of the extended Ghosh model, i.e. the pathological behavior
of a negative relationship between some sectorial production and its
corresponding value-added, is unavoidable. This means that the
model is biased in the sense that we will always observed this kind of
behavior, at least in one sector, no matter what are the parameters of
themodel. Furthermore, at the aggregate level, the same anomalous re-
lationship may be observed for some parameter values.

However, this is not the end of the story. With respect to the extend-
ed Leontief model, we can easily see from our analysis that the same
troublesome relationship between production and value added, at the
aggregate level, become true. Furthermore, at the sectorial level, we
also show that at least for one sector we will always have a negative re-
lationship between production and domestic demand. That systematic
type of behaviormakes thismodel biased towards a relationship (i.e. sec-
torial production and its domesticfinal demand) that economic evidence
does not support.

These are bad news, because they may point to a theoretical weak-
ening of both models, and hence of some of the results ensuing from
their possible empirical applications.

In Section 2 we present the classical Leontief and Ghosh models, in
order to establish the logical introduction to Section 3, where the
main results on production and consumption biases are obtained.

An open question therefore arises: is there any other way to incor-
porate final consumption and value-added endogenously in these
models that may avoid such biased behavior? This issue is explored
in Section 4 where we show that a way to avoid it in the Ghosh
model is by somewhat mimicking some good features of Leontief's
extended model, and the other way around. After the new rules are
introduced, the aggregate problem still continuous in both models,
but we establish sufficient conditions, on parameters of the models,
to avoid it. Finally, Section 5 concludes.

2. The classical L-G 2 × 2 models

We will start by considering the following two accounting expres-
sions coming from a typical (or aggregated) 2 × 2 input–output table:

x 1ð Þ ¼ z 1;1ð Þ þ z 1;2ð Þ þ dh 1ð Þ þ df 1ð Þ
x 2ð Þ ¼ z 2;1ð Þ þ z 2;2ð Þ þ dh 2ð Þ þ df 2ð Þ

�
ðL:1Þ

x 1ð Þ ¼ z 1;1ð Þ þ z 2;1ð Þ þ vh 1ð Þ þ vf 1ð Þ
x 2ð Þ ¼ z 1;2ð Þ þ z 2;2ð Þ þ vh 2ð Þ þ vf 2ð Þ

�
ðG:1Þ

All magnitudes can be considered in monetary or in (conveniently
re-defined) physical units, and they are labeled in the following way:

x(i) total production in sector i,
z(i,j) intermediate inputs flowing from sector i to sector j,
dk(i) final demand for good iwith home (k = h) or foreign origin

(k = f),
vk(i) value-added applied in sector i with home (k = h) or

foreign origin (k = f).

Clearly, accounting expressions (L.1) correspond to the revenues
that each sector receives according to the use or employment of its
production, while accounting expressions (G.1) are the payments
of each sector to the suppliers of resources used in its production
process. Since revenues and payments have to be equal for each sec-
tor, we see that corresponding sums in both expressions are the
same.

A matrix representation of the previous accounting balances of re-
sources and/or payments comes in handy:

x ¼ Z⋅eþ dh þ df ðL:2Þ

x ¼ Z′⋅eþ vh þ vf ðG:2Þ

where Z (and its transpose, Z′) is the standard matrix of intermediate
inputs flows. The column vector e is the unit vector and the rest of
magnitudes, also column vectors, have the obvious components as
appearing in the previous (L.1) and (G.1) expressions.

In order to “jump” from the previous accounting expressions to
the well-known Leontief (L) and Ghosh (G) models we define the fol-
lowing “technical” coefficients for output production and output allo-
cation, respectively:

a i; jð Þ ¼ z i; jð Þ=x jð Þ
b i; jð Þ ¼ z i; jð Þ=x ið Þ

We now introduce these coefficients into expressions (L.2) and
(G.2), which will allow us to rewrite them in matrix terms as:

x ¼ A⋅x þ dh þ df ðL:3Þ

x ¼ B⋅x þ vh þ vf ðG:3Þ

where A = [a(i,j)] and B = [b(j,i)] are the 2 × 2 matrices
endowed with the above “technical” coefficients.1 Notice that
these coefficients are related, for all i and j, in the following generic
way:

a i; jð Þ⋅x jð Þ ¼ z i; jð Þ ¼ b i; jð Þ⋅x ið Þ

By construction, in matrix A, a(i,j) denotes its i row and j column
element, its interpretation being the amount of good i used to produce
one unit of good j. InmatrixB, in contrast, b(j,i) denotes its j column and
i row element and can be interpreted as the fraction of j used in the pro-
duction of good i. The classical L and G models are those derived from
(L.3) and (G.3), by assuming that coefficients in A and B are fixed pa-
rameters. The values of x are the unknowns of these models, which
can be obtained as a function of the rest of the variables, as defined
above. For exogenously given vectors d and v we can endogenously

1 Observe that our B matrix is in fact the transposed of the standard Ghosh matrix.
This allows us to have throughout the same normalized vector post-multiplication
notation.

Fig. 1. Graphical view of the Leontief and Ghosh models.
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