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a b s t r a c t
In this paper several methods for model assessment considering uncertainties are discussed. Sensitivity
analysis is performed to quantify the inﬂuence of the individual model input parameters. In addition to
the well-known analysis of a single model, a new procedure for quantifying the inﬂuence of the model
choice on the uncertainty of the model prediction is proposed. Furthermore, a procedure is presented
which can be used to estimate the model framework uncertainty and which enables the selection of
the optimal model with the best compromise between model input and framework uncertainty. Finally
Bayesian methods for model selection are extended for model assessment without measurements using
model averaging as reference.
Ó 2011 Elsevier Ltd. All rights reserved.

1. Introduction
In structural design the prediction of the structural response is
estimated often by using numerical or analytical models. Every
prediction underlies a certain uncertainty which could be interpreted as a measure of the quality of the prediction. Following
[1], uncertainty is the term to describe incomplete knowledge
about models, parameters, constants, data, and beliefs. There are
many sources of uncertainty, including the science underlying a
model, uncertainty in model parameters and input data, observation error, and code uncertainty. Generally, uncertainties that affect model quality are categorised as:
 Model framework uncertainty: the uncertainty in the underlying science and algorithms of a model. Model framework uncertainty is the result of incomplete scientiﬁc data or lack of
knowledge about the factors that control the behaviour of the
system being modelled. Model framework uncertainty can also
be the result of simpliﬁcations necessary to translate the conceptual model into mathematical terms.
 Model niche uncertainty: resulting from the use of a model outside the system for which it was originally developed and/or
developing a larger model from several existing models with
different spatial or temporal scales.
 Model input uncertainty: resulting from data measurement
errors, inconsistencies between measured values and those
used by the model (e.g., in their level of aggregation/averaging),
and parameter value uncertainty. We can distinguish between
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data uncertainty caused by measurement errors, analytical
imprecision, and limited sample sizes during the collection
and the treatment of data, and the stochasticity, which are ﬂuctuations in ecological processes that are due to natural variability and inherent randomness.
As an additional indicator of model quality the model complexity can be utilised. Model complexity is the degree of complexity
desired for the model. Models become more complex in order to
treat more physical processes, their performance tends to degrade
because they require more input variables, leading to greater data
uncertainty [1]. Model complexity inﬂuences uncertainty. Models
tend to uncertainty as they become increasingly simple or increasingly complex. Thus complexity is an important parameter to consider when choosing among competing model frameworks or
determining the suitability of the existing model framework to
the problem of concern. The optimal choice generally is a model
that is no more complicated than necessary to guide the regulatory
decision. The types of model uncertainty have a reciprocal relationship, with one increases as the other decreases. Thus an optimal level of complexity (the ‘‘point of minimum uncertainty’’) exists for
every task that shall be solved by a given set of engineering simulation models.
Generally models are assessed concerning how they can reproduce a certain structural or system behaviour already observed e.g.
in experiments. By inverse strategies the unknown input parameters are identiﬁed and the model is ﬁtted to optimally reproduce
a set of measurements. This is state of the art in engineering modeling. If we think a step further, the engineer or user wants to
know, what is the most appropriate model out of a set of given
models (different simpliﬁcation levels, etc.) for the analysis or
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prediction of an unknown, new situation, e.g. the design of a new
building. An example: the engineer may use in his analysis simple
analytical or highly complex numerical models to represent the
behaviour of a certain structural part (e.g. linear elastic beam formulation vs. linear elastic Finite Element calculation vs. Finite Element calculation considering nonlinear material behaviour). Now
he wants to know if a simpler model is sufﬁcient enough or if a
more complex model is necessary. For this decision, we are interested if possible nonlinear effects play a signiﬁcant role and if we
can improve our prediction by considering such effects while introducing additional uncertainties in our prediction due to the additional model parameters. Thus we want to ﬁnd the optimal
model for a certain task with minimum total uncertainty in its prediction. For a possible task a simple linear model may be absolute
sufﬁcient since nonlinear effects are not activated, while for an
experimental veriﬁcation generally more complex models may
give a better reproduction of the measurements. The intention of
the paper is to ﬁnd methods to decide which model is optimal with
respect to the prediction uncertainty for an unknown situation,
without having measurements of the ﬁnal structure or system.
In the recent years some more or less empirical estimates of
model uncertainty have been proposed [3,4,2], which were motivated to ﬁnd the best model out of a given set of plausible models,
which is more appropriate for the prediction of an unknown response. For model selection based on a known response in terms
of measurements, Bayesian methods have become very popular
in the recent years [5,6]. In these procedures the model with the
best compromise in representing the data and the remaining
uncertainty in the identiﬁed parameters is indicated with higher
probability.
Furthermore, sensitivity analysis has become an important tool
for model assessment. Sensitivity analysis is the study of how the
uncertainty in the output of a model can be apportioned, qualitatively or quantitatively, to different sources of variation in the input of a model [7]. Although sensitivity and uncertainty analysis
are closely related, sensitivity analysis assesses the ‘‘sensitivity’’
of the model to speciﬁc parameters and uncertainty analysis assesses the ‘‘uncertainty’’ associated with parameter values [1]. Sensitivity analysis can be used to simplify models and is applied
without using measurements. The analysis is based only on the
output of a numerical or analytical model.
In this study the contribution of variance based sensitivity analysis to the assessment of numerical models is discussed and extended by proposing a procedure to estimate the sensitivity of
the model choice on the prediction. In the next step model framework uncertainty of single models is estimated based either on
model averaging or on the selection of a reference model. With this
information the best compromise between model input and model
framework uncertainty is found. As a third assessment procedure,
Bayesian methods are extended in order to use reference values instead of measurements. All methods are ﬁnally used to evaluate
the quality of four cohesive crack models for the simulation of concrete cracking.
2. Methods for model assessment and model selection

where VðYÞ is the unconditional variance of the output of model M
and V X i ðEXi ðYjX i ÞÞ is named the variance of conditional expectation
with Xi denoting the matrix of all factors but X i .V X i ðEXi ðYjX i ÞÞ
measures the ﬁrst order effect of X i on the model output Y. According to [9] ﬁrst order indices should be used for factor prioritisation:
‘‘If the cost of discovering factors were the same for all input factors,
which factor should I try to discover ﬁrst?’’
Since complex engineering models contain not only a ﬁrst order
(decoupled) inﬂuence of the input variables but also coupled,
which are called higher order effects on the model output, total
sensitivity indices have been introduced [10]

STi ¼ 1 

V Xi ðEX i ðYjXi ÞÞ
;
VðYÞ

ð3Þ

where V Xi ðEX i ðYjXi ÞÞ measures the ﬁrst order effect of Xi on the
model output Y which does not contain any effect corresponding
to X i . Total effect indices are suitable for factor ﬁxing [9]: ‘‘Can I
ﬁx a factor or a subset of input factors at any given value over their
range of uncertainty without reducing signiﬁcantly the output?’’
According to [9] factor ﬁxing is useful to achieve model simpliﬁcation and relevance. ‘‘We cannot use Si to ﬁx a factor since Si ¼ 0 is a
necessary condition for X i to be non-inﬂuential but not a sufﬁcient
one. X i could be inﬂuent at the second order.’’
According to Zadeh’s incompatibility principle [11] model simpliﬁcation supported by factor ﬁxing is useful. ‘‘As the complexity
of a system increases . . . precision and signiﬁcance (or relevance)
become almost mutually exclusive characteristics.’’
By means of the calculated sensitivity indices, the designer may
judge if a certain phenomenon considered in the model has a signiﬁcant inﬂuence on the model output variation. By deﬁning a
threshold for a minimum sensitivity index, the model ‘‘relevance’’
can be formulated

R¼

Number of inputs that induce variations in the output
;
Total number of inputs in the model
ð4Þ

where low R could ﬂag a model meant to intimidate.
In the general case, ﬁrst order and total effect sensitivity indices
can not be calculated analytically. Thus, numerical procedures
have been developed to estimate these indices by using stochastic
sampling strategies, e.g. see [9] or [12]. In our study we use the
estimation procedure presented in [9] in combination with Latin
Hypercube Sampling [13].
2.2. Sensitivity of the model choice
In contrast to the previous section where a single model is assessed by means of the sensitivity indices, in this section we discuss how to quantify the inﬂuence of the model choice on the
uncertainty of the predicted response. For a set of given models
M ¼ M1 ; M2 ; . . . ; Mk the standard ﬁrst order and total effect senM
M
sitivity indices Si j and ST i j can be calculated for each model
individually.
These indices are shown exemplary in Fig. 1 for three onedimensional polynomials with increasing order

Y M1 ðlÞ ¼ X 1 þ X 2  l;
2.1. Sensitivity analysis of the model output

Y M2 ðlÞ ¼ X 1 þ X 2  l þ X 3  l ;

Assuming a single model M with a scalar output Y as a function
of a given set of m random input parameters X i

Y M3 ðlÞ ¼ X 1 þ X 2  l þ X 3  l þ X 4  l ;
l ¼ 0:0; 1:0; 2:0; . . . ; 10;
X 1  N ð0:00; 0:50Þ; X 2  N ð1:00; 0:10Þ;
X 3  N ð0:02; 0:01Þ; X 4  N ð0:001; 0:0025Þ:

Y ¼ f ðX 1 ; X 2 ; . . . ; X m Þ;

2

ð1Þ

the ﬁrst order sensitivity measure was introduced as [8]

Si ¼

V X i ðEXi ðYjX i ÞÞ
;
VðYÞ

ð2Þ

2

3

ð5Þ

Since the models are purely additive their ﬁrst order and total effect
sensitivity indices coincide. Due to the independent input parameters the sensitivity indices can be calculated analytically.

