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Abstract
When ﬁrms make a decision about irreversible investment, they may not have complete conﬁdence about
their perceived probability measure describing future uncertainty. They may think other probability measures
perturbed from the original one are also possible. Such uncertainty, characterized by not a single probability
measure but a set of probability measures, is called “Knightian uncertainty.” The effect of Knightian uncertainty on the value of irreversible investment opportunity is shown to be drastically different from that of
traditional uncertainty in the form of risk. Speciﬁcally, an increase in Knightian uncertainty decreases the
value of investment opportunity while an increase in risk increases it.
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1. Introduction and summary
The investment decision of any ﬁrm typically involves three features. First, future market
conditions are uncertain. Second, the cost of investment is sunk and thus investment is irreversible. Third, investment opportunity does not vanish at once and when to invest becomes
a critical decision. This irreversibility of investment under uncertainty and resulting optimal
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investment timing problem have attracted considerable attention in recent years, especially after McDonald and Siegel [15] successfully applied ﬁnancial option pricing techniques to this
problem and Dixit and Pindyck [4] related option-theoretic results to neoclassical investment
theory.
Most irreversible investment studies, however, assume more than that future market conditions are uncertain. In these studies, future uncertainty is characterized by a certain probability
measure over states of nature. This amounts to assuming that the ﬁrm is perfectly certain that
future market conditions are governed by this particular probability measure. However, this assumption may be farfetched: the ﬁrm may not be so sure about future uncertainty. It may think
other probability measures are also likely and have no idea of the relative “plausibility” of these
measures. Uncertainty that is not reducible to a single probability measure and thus characterized by a set of probability measures is often called Knightian uncertainty (see [14,12,13]), or
ambiguity in some cases. In contrast, uncertainty that is reducible to a single probability measure
with known parameters is referred to as risk . That is, a ﬁrm may face Knightian uncertainty
in contemplating investment, facing not a single probability measure but a set of probability
measures.
The purpose of this paper is to show that the effect of uncertainty on the value of irreversible
investment opportunity differs drastically between risk and Knightian uncertainty. Speciﬁcally,
the standard result that increase in uncertainty increases the value of irreversible investment opportunities is reversed if uncertainty is not risk but Knightian uncertainty. That is, an increase in
Knightian uncertainty (properly deﬁned) reduces the value of an irreversible investment opportunity, while the opposite is true for an increase in risk in the form of an increase in variance. In
contrast, both of them have the same effect on the value of waiting: they increase the value of
waiting and make it more likely.
In this paper, we take a patent as an example of irreversible investment. To highlight the effect of
Knightian uncertainty, the ﬁrm is assumed to be risk-neutral but uncertainty-averse in the sense
that it computes the expected proﬁt by using the “worst” element in the set of the probability
measures characterizing Knightian uncertainty and chooses its strategy to maximize it (maximin
criterion). 1
Following the standard procedure of irreversible investment studies, we assume that (1) to
utilize a patent, the ﬁrm has to build a factory and construction costs are sunk after its completion,
and (2) the proﬁt ﬂow after the construction is characterized by a geometric Brownian motion
with a drift. Then, the ﬁrm ﬁrst calculates the value of the utilized patent, and then contemplates
when to build a factory by taking into account the value of the utilized patent and the cost of
investment. The ﬁrm’s problem is thus formulated as an optimal stopping problem in continuous
time. 2
Unlike the standard case, however, we assume that the ﬁrm is not perfectly certain that the
proﬁt ﬂow is generated by a particular geometric Brownian motion with say, variance 2 and
drift , or equivalently, by a probability measure underlying this geometric Brownian motion,
1 For axiomatization of such behavior, see Gilboa and Schmeidler [9]. Such behavior is also closely related to the one
represented by Choquet-expected-utility maximization. See Schmeidler [21, ﬁrst appeared in 1982 as a working paper]
and Gilboa [8].
2 The standard procedure is to apply ﬁnancial option pricing techniques to this problem, exploiting the fact that an
un-utilized patent can be considered a call option whose primal asset is a utilized patent that generates a stochastic ﬂow
of proﬁts, and whose exercise price is a ﬁxed cost of building a factory to produce patented products. (For example, see
[4].) This approach and the optimal stopping approach are two ways of formulating the same problem and produce the
same result.

