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considered. Unfortunately, Itd set-valued stochastic integrals, defined by E.J. Jung
and J.H. Kim in the paper [5], are not in general integrably bounded (see [8,15]).
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Set?ivalued mapping Therefore, in the present paper we consider generalized It6 set-valued stochastic
Set-valued integral integrals (see [10,11]) defined for absolutely summable and countable subsets of the
Set-valued stochastic process space IL2(IR*T x Q, X, IR¥*™) of all square integrable IF-nonanticipative matrix-

valued stochastic processes. Such integrals are integrably bounded and possess
properties needed in the theory of set-valued stochastic equations.
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1. Introduction

The paper deals with properties of Aumann and It6 set-valued stochastic integrals, defined as some
set-valued random variables. Initial studies on It6 set-valued stochastic integrals, defined as subsets of the
spaces IL?(Q,IR") and IL*(Q, X), have been considered by F. Hiai and M. Kisielewicz (see [2,6,7]), where
X is a Hilbert space. Unfortunately, such defined integrals do not admit their representations by set-valued
random variables with values in IR"™ and X, because they are not decomposable subset of ]LQ(Q,IR”)
and IL*(, X), respectively. J. Jung and J.H. Kim in [5] have defined the Itd set-valued stochastic in-
tegral as a set-valued random variable determined by a closed and decomposable hull of the set-valued
stochastic functional integral defined in [6]. Unfortunately, such integrals are not in the general case (see
[8,15]) integrably bounded. Therefore, in what follows we shall consider generalized Itd set-valued stochas-
tic integrals (see [10,11]) of absolutely summable countable subsets of the space IL*(IR" x Q, X, IR4*™)
of square integrable IF-nonanticipative matrix-valued stochastic processes defined on a complete filtered
probability space Pr = (2, F,IF, P). Generalized set-valued stochastic integrals were defined in the pa-
per [11] and some of their properties have been considered in [10]. Let us recall (see [10] and [11]) that
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for a given m-dimensional IF-Brownian motion B = (B;)>¢ defined on a filtered probability space P
and a nonempty subset G of the space ILz(lRJr x Q EIF,IRdxm), a generalized It0 set-valued stochas-
tic integral fo GdB; is understood as an Fi-measurable set-valued random variable with values in the
d-dimensional Euclidean space IR? and subtrajectory 1ntegrals S;t fo GdB,) equal to dec J;(G). By J;
we denote the It6 isometry with values in the space IL2(Q, F;,IR?) defined for fixed t > 0 and every
g € ILX(R* x Q, S, R™™) by setting J;(g) = [, g-dB,. Subtrajectory 1ntegrals Sx.(fy GdB,) of [, GdB.
are defined as a set of all F;-measurable and square integrable selectors of fo GdB,. It will be also de-
noted by Si( fo GdB;). In particular, if G is a nonempty decomposable subset of IL> (Rt x Q ZIF,IRdxm)
then fo GdB; fo G dB;, where G = (G;)1>0 is an IF-nonanticipative set-valued process such that
Sr(G) = clp,(G), where Sp(G) = {g € L2 (IRT x Q, X, R™) : g,(w) € Gy(w) for ae. (t,w) € RT x Q}.
In a similar way the Aumann set-valued stochastic integrals can be defined (see e.g. [9], p. 114 and [16]).
Namely, for a given IF-nonanticipative set-valued stochastic process F : RT x Q — Cl(]Rd) such that
Sk (F) # 0, the Aumann set-valued stochastic integral fo F.dr is defined as the set-valued random variable
such that Si( fo F,dr) = dec J;(Sg(F)), where J; denotes (for fixed ¢ > 0) the mapplng with values in the

space IL%(Q2, F;,IR?) defined for every f € IL’(IRT x Q, ¥, IR?Y) by setting Je(f fo frdr.
Apart from the above defined Aumann set-valued stochastic integral f F dT one can deﬁne (see e.g. [9,
12] and [13]) an (A)-set-valued stochastic integral (A fo F.dr by setting ( fo Fodr)( fo (1,w)dT

for fixed t > 0 and a.e. w € 2, where fg F(1,w)dr denotes the parametrlzed Aumann mtegral i.e., for a.e.
fixed w € Q the Aumann integral of F(-,w). It can be verified (see [9], Lemma 3.1 of Chap. 3 and also [12,
13]) that ( fo F dr is an F-measurable convex, compact valued set-valued random variable. But for a.e.
wEQonehas fOFdT w) = {u(w) : u € J(Sr(F))} C {u(w) : u € dec J;(Sr(F))} C fOFdT w).
It can be veriﬁed (see [9], Corollary 3.1 of Chap. 3) that for every measurable convex-valued and integrably
bounded set-valued process F : IR™ x © — CI(IR?) one has ( fo F.dr)( fo F.dr)(w) for a.e. w € 2
and t > 0. For other properties of (A fo F,dt we refer the reader to [9, 12} and [13].

Let us assume that G = {g" : n > 1} ¢ IL*(R' x Q, X, IR™™) is absolutely summable, i.e.
D Hg |2 < oo, where || - || is a norm of IL*(IR™ x €, E]F,IRdxm) Then a generalized set-valued in-
tegral fo GdB; can be defined for every t > 0 as a set-valued random variable H; : © — CI(IR?)
of the form H,(w) = cl{ fo grdB;)(w) : n > 1} for every w € . Indeed, it is clear, that for ev-
eryt > 0 a Sequence fo grdB;)22 ; is the Castaing representation of a set-valued random variable H;.
Furthermore we have supn>1E |f0 "dB;*] < 3>, |lg"||* < oco. Then (f(;s grdB;)22, is a bounded
sequence of IL*(Q, F;,IRY) contained in S;(H,). Therefore, by ([9], Remark 3.6 of Chap. 2), we have
Si(Hy) = dec{ [} grdB, : n > 1} = dec{Ji(¢") : n > 1} = dec T4(G) = S¢([;; GdB,). Then H, = [} GdB,
a.s. for every t > 0.

Let us also note that for such a set G = {¢g" : n > 1}, a stochastic process (>~ | fot gdB;|?*)i>0 is a pos-
itive submartingale. Firstly, let us observe that such a set G is bounded in IL?(IR™ x Q, B, IRdxm), because
sup,,>1 l9" 117 < 30y llg" 1> < oo. Now, for a fixed t > 0, let us put &, = >, | fot g~dB.|? where n > 1 and
=% fg g"dB;|*. Let m = >_°7 | [lg™[|?>. We have &, < ¢' a.s. and EE, < m < oo for every n > 1 and
t > 0. Therefore, sup,,~; E[14&L] — 0 as P(A) — 0. Then the sequence (&f,)2 ; of positive random variables
converges to £ a.s. for every fixed t > 0 and it is such that lim,,_, o E [§t | Fs] = E[{t\}' ] a.s. for every 0<s<
t < co. On the other hand limy, oo E[€}|Fs] = limp o0 D p_y \fot dB |2 \.7-'] Yo |f0 "dB,|?|Fs]
a.s. for every 0 < s < t < oco. Thus E[Y 1|f0 dBH]:] ‘fo "dB.|?|Fs] a.s. for every
0 < s < t < oo. Finally, by Jensen’s 1nequahty we get FJ |f0 dB \ |f > |f0 "dB,|* a.s. for every
n>1and 0 < s <t < oo. Therefore, we have >.>° | [ g"dB,|> < E[> " | | fo "dB,|?|Fs] a.s. for every
0<s<t< .

Let (X, p) be a metric space and denote by CI(X) a space of all nonempty closed subsets of X. For
every A,C € CI(X) let h(A,C) = sup{d(a,C) : a € A}, where d(a,C) = inf{p(a,c) : ¢ € C}. The
Hausdorff distance h(A, C) between A,C € Cl(X) is defined by h(A,C) = max{h(A,C),h(C,A)}. It can
be verified (see [2], p. 24) that for every sequence (A4,)p>1 C CL(X) converging in the Hausdorff metric
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