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Abstract

In rigid-body mechanics, models that capture collisional contact as an instantaneous exchange of momentum may exhibit dynamics

that include infinite sequences of impacts accumulating in finite time to a state of persistent contact, often referred to as chatter. In

this paper, we review theoretical tools for the analysis of transient and steady-state behavior in the vicinity of critical periodic orbits

for which chatter terminates at a point corresponding to the imminent release from persistent contact, and illustrate the application

of this theory to a simplified model of a mechanical pressure relief valve. A general theory for single-degree-of-freedom impact

oscillators, previously described in an unpublished manuscript by Nordmark and Kisitu 1, is shown to yield both qualitative and

quantitative agreement with model simulation results. The predicted bifurcation structure shows that the border orbit unfolds

supercritically into a universal cascade of local attractors with nontrivial scaling relationships.
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1. Introduction

In models of mechanical systems that account for persistent or intermittent contact with hard and rough obsta-

cles, time histories of position and velocity coordinates are naturally partitioned into disjoint segments, governed by

segment-specific force interactions, and characterized by termination and state reset conditions, for example associ-

ated with the onset or cessation of contact, or with transitions between relative stick and slip.

In models of mechanical systems with dissipative impacts, there often exist open sets of initial conditions that

lead to a phase of persistent contact following an infinite sequence of instantaneous collisions in finite time. Such a

behavior of complete chatter corresponds to a singular contraction of state-space volume, as the subsequent dynamics

remain confined to a co-dimension-two submanifold until a subsequent termination condition enables a release from

contact. In dynamical systems models characterized by a three-dimensional state, for example, harmonically excited

single-degree-of-freedom mechanical oscillators2, the release point is unique and independent of initial conditions. In

such a model, forward dynamics at the critical transition between initial conditions that result in complete chatter and

those that are followed by only finitely many collisions in every open interval of time may be understood in terms of

a local analysis on a neighborhood of the release point.
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Fig. 1. A schematic representation of a pressure relief valve connected to a hydraulic system with effective compliance β and input flow rate q.

Here, the time history for the displacement y1 of the valve plug relative to the valve seat reflects intervals of time during which the valve is open

(y1 > 0) and closed (y1 = 0), respectively.

As shown in unpublished work by Nordmark and Kisitu1, such a local analysis predicts universal bifurcation

scenarios, including cascades of smooth saddle-node and period-doubling bifurcations, intervals of robust chaos,

and grazing bifurcations, associated with the parameter unfolding near a critical periodic orbit with complete chatter

terminating at the unique point of release. In this paper, with permission, we provide a detailed review of their analysis

and illustrate the predictions on a simplified model of a mechanical pressure relief valve3,4.

2. A pressure relief valve

The dynamics of a pressure relief valve, used to ensure safe operation of a hydraulic system, may be modeled in

terms of a three-dimensional state vector y, whose components represent the displacement of the valve plug relative

to the valve seat, the velocity of the valve plug relative to the valve seat, and the (positive) input pressure to the

valve, respectively. We say that the valve is open in any open time interval during which the displacement is positive,

and closed in any open time interval during which the displacement equals zero. Under all operating conditions,

changes to the input pressure are a result of fluid flow into the hydraulic system and fluid flow escaping through

the valve. Similarly, the displacement dynamics of the valve plug are driven by the input pressure and resisted by a

precompressed spring-damper suspension and intermittent contact between the plug and the seat.

2.1. Mathematical model

In a simplified and suitably normalized model3 (cf. Fig. 1), as long as the valve is open (and, thus, y1 > 0), the

behavior of the pressure relief valve may be captured by smooth state-space trajectories governed by the vector field

fopen(y) =
(

y2, −κy2 − y1 − δ + y3, β
(
q − y1

√
y3

) )�
, (1)

where κ > 0 represents viscous damping in the suspension, δ > 0 represents the precompression of the spring

suspension when the valve is closed, q > 0 is the flow rate into the hydraulic system, and β > 0 is the ratio of

the system compliance to that of the spring suspension. When the valve is closed, the dynamics reduce to smooth

state-space trajectories on the embedded submanifold y1 = y2 = 0, governed by the vector field

fclosed(y) =
(

0, 0, βq
)�
. (2)

The valve opens when y3 increases beyond δ, after which y1 again becomes positive. Such a transition is instantaneous

in time and continuous in state, amounting only to a switch in governing vector field.

In contrast, a transition from an open valve to a closed valve must involve at least one collision between the

valve plug and the valve seat, here modeled as an instantaneous change in the velocity y2 �→ −ry2 in terms of a

Newtonian coefficient of restitution r ∈ [0, 1). Indeed, except for the case of a perfectly plastic collision with r = 0, an

infinite sequence of collisions, accumulating after a finite but nonzero elapsed time, must precede the closure of the
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