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a  b  s  t  r  a  c  t

In the  operation  of  a broad  range  of industrial  processes,  the  uses  of  robots  whose  trajectories  are  con-
strained  by  the  velocity  of  the  parts  actuated  (tools,  end  effectors,  joints  and  the like)  more  often  than  not
play  a  significant  role.  Keeping  our  focus  on systems  for  material  deposition  such  as  painting,  glueing,
aerosol  spraying  but nowadays  also  additive  manufacturing  techniques  like FDM  processes,  it is  notice-
able  that  a key  parameter  is  the  control  of  the flow of  material  in  accordance  with  the trajectory  velocity
of  the  parts  being  actuated.

According  to the specific  requirements  and  goals  of  different  technology,  it is possible  to generate
different  trajectories.  In this  paper,  we propose  an  original  path  planning  algorithm  based  on  the  use
of Bézier  curves  aimed  at assuring  regulation  of  the velocity  and a uniform  distribution  of  the  extruded
material  referring  to an innovative  additive  manufacturing  technology.

In particular,  the  paper  presents  a path  planning  technology  developed  for an  application  where  it
is  necessary  to maintain  a constant  velocity  along  the  length  of  the trajectory  aimed  at  improving  the
technological  processes  on the  basis  of an  innovative  additive  technology.

The paper  further  presents  a  working  application  with  a machine  prototype  so  as to  demonstrate  the
viability  and  performance  of  the  work  under  consideration.

©  2017  The  Society  of  Manufacturing  Engineers.  Published  by  Elsevier  Ltd.  All  rights  reserved.

1. Introduction and problem statement

The field of path planning has been widely studied in robotics
aimed at defining the trajectory and the movement of the end-
effector in a robot workspace. The role of path planning in industrial
processes has been further increased to also take into consideration
process planning i.e., how to control a process in terms of move-
ment and technological parameters in order to achieve the required
result. Further developments in this field are also due to the robot
adoption into the additive manufacturing as the result of contin-
uously growing technology capable of processing new shapes and
materials.

The aim of this article is to propose a path-planning algorithm
to ensure an even material distribution in a specific range of indus-
trial processes, e.g., painting, glueing, aerosol spraying and additive
manufacturing processes. A specific focus is given to extrusion
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systems where the extrusion rate cannot be adequately controlled.
In such cases it is necessary and in fact better to maintain the
extrusion velocity constant, as is the cases set out in this article,
where, for the development of an innovative AM technology, the
maintaining of a constant flow rate is required.

A path-planning algorithm is proposed using Beziér curves to
guarantee a proper regulation of the relative velocity between the
end-effector and the part to process. Bézier curves are exploited for
the generation of an interpolation of the ideal trajectory based on
straight and parabolic segments. Regulating the parametric velocity
along the trajectory, the original approach proposed in this paper
allows the moving of tool centre point (TCP), with constant and
regulated velocity during virtually the whole of the trajectory. In
fact some slight oscillations in the velocity are unavoidable but the
proposed approach is aimed at keeping such fluctuations extremely
low and controllable.

2. Literature review

Among AM techniques the ones based on the extrusion of
material, such as FDM, have been the subject of many studies in
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particularly after the expiry of the patent related to this technology
[1] and thus making spreading the use of this technique within the
market.

For instance, Roberson et al. [2] show the use of an FDM tech-
nique for new materials in the manufacture of electromechanical
and electromagnetic applications, whereas Volpato et al. [3] show
an innovative piston-driven extrusion head that capable of extrud-
ing polypropylene granules into a filament. Giberti et al. [4–6] show
several studies on a new 3D printing solution for metal parts based
on a MIM  technique.

Some of these studies focus on the optimization of the tech-
nological parameters [7], or on the attempt to model particular
characteristics of these processes, [8,9]. In fact, as observed by Jiang
et al. [10], It is paramount to obtain a uniform-distributed material
thickness for the accuracy of these processes and to characterize
their behaviour.

For the reasons set out above the deposition method and the tool
path generation of the AM technique must be taken into great con-
sideration according to the different goals to be achieved. Kulkarni
et al. [11] study the importance of the tool path planning on the
resulting stiffness of the printed objects. Jin et al. [12,13] propose
a new path planning algorithm in order to minimize the building
time of the part at the same time maintaining a good surface accu-
racy. In order to overcome deposition problems, related to a new
metal based AM technique, Mireles et al. [14] were required to
modify the toolpath commands of a pre-existing FDM machine.
Rishi [15] has shown how a different feed rate can be used to
improve accuracy of the surface or the building time of the inter-
nal parts; whereas for systems based on a constant feed rate, in
order to guarantee a uniform material deposition, the Direction-
Parallel Tool-Path (DP) technique can be used to achieve this
goal.

Some articles are available in literature proposing DP deposition
trajectories using an approach based on lines and parabolas and
moving the end-tool with constant feed rate where possible along
the trajectory. Thompson [16] shows constant material flow tra-
jectories for straight lines using a constant acceleration to link the
velocity for two consecutive lines with different velocities: in this
way an absolute velocity error is introduced where the smaller the
angle between the two consecutive lines the greater the error. This
requires the need to change the material flow during the parabolic
segments.

Jin [17] suggests a straight lines and parabolas trajectory based
entirely on the curvilinear abscissa velocity control. Defining two
lines typologies (type I used for lines which intersect the deposi-
tion profile, and type II for lines adjacent to the profile boundaries)
a different absolute velocity is imposed on the two  types: usually
velocity I is double velocity II and a constant acceleration profile is
used to link the two lines on the curvilinear abscissa. The extruder
motion profile is created taking into account the velocity variations
of the control parameters. This strategy leads to limited accelera-
tions on active joints during curved paths attaining a good printing
velocity.

In the field of CNC machining the use of Bézier curves has been
exploited in order to obtain continuity on the velocity and acceler-
ation usually not obtainable by the G-Code based on straight lines
and the use of G1 commands [18].

Compared to the literature referred above, the approach pro-
posed in this paper allows the moving of tool centre point
(TCP), with constant and regulated velocity during virtually the
whole of the trajectory assuring the possibility to extrude with-
out changing the flow rate. Because some slight oscillations in
the velocity are unavoidable, this method is aimed at keeping
such fluctuations not only extremely low but also controllable and
predetermined.

3. Curve parametrization

To define a trajectory in a cartesian space (XYZ) is necessary to
define a parametric geometrical path, as defined by [19]:

p = p(u), u ∈ [umin, umax] (1)

where p(u) is a continuous vectorial function(3 × 1) which
describes the path inside the workspace as a function of the inde-
pendent variable u. We  take into account 3 Dofs, but we can extend
the definition of p in order to include more Dofs.

The so defined vector function is controlled imposing a motion
profile on parameter u = u(t) which describes the tool trajectory
along its path.

in particular:

| ˙̃p(t)| = vc = constant (2)

where p̃(t) = (p ◦ u)(t), and for velocity and acceleration we derive
the last equation.

It is not needed to analytical obtain function u(t), its value
u(tk) = uk can be computed with a temporal discretization tk = kTs,
with Ts sample time. We can obtain uk with k = 0, 1, 2, . . .,  using a
Taylor series with a second order approximation. Deriving respect
to the time the following conditions are obtained:

u̇(t) = vc

| dp
du |

ü(t) = −v2
c

dpT

du · d2p
du2

| dp
du |4

(3)

considering a second order approximation the variable value u at
time (k + 1)Ts can be determined as:

uk+1 = uk + vcTs

| dp
du |uk

− (vcTs)
2

2

[
dpT

du · d2p
du2

| dp
du |4

]
uk

(4)

In order to achieve a constant velocity trajectory in the initial and
final part of the path there is a non-zero acceleration. Considering
a trapezoidal velocity the computing of uk+1 is modified as follow:

uk+1 = uk + vkTs

| dp
du |uk

+ T2
s

2

⎧⎨
⎩ ak

| dp
du |uk

− v2
k

[
dpT

du · d2p
du2

| dp
du |4

]
uk

⎫⎬
⎭ (5)

where ak = a(tk) and vk = v(tk) are respectively acceleration and
velocity at instant tk = k · Ts.

To define a deposition trajectory which guarantees a constant
feed rate of the tool in necessary to implement a parametric curve
defined in the tool workspace. In order to achieve this goal Bézier
curves, are exploited to generate a parametric path made of straight
lines and parabolas.

A Bézier curve of m degree is defined as:

b(u) =
m∑

j=0

Bm
j (u)pj, 0 ≤ u ≤ 1 (6)

where coefficients pj are control points, and functions BM
j

(u) are

Bernstein polynomials defined as Bm
j

(u) =
(

m
j

)
uj(1 − u)m−j .

The Binomial coefficient, for j = 0, 1, . . .,  m,  defines the rows of
the Pascal triangle. A Bézier curve derivative respect to variable u of
m degree is still a Bézier curve of degree m − 1 defined as:

db(u)
du

= m

m−1∑
i=0

Bm−1
i

(u)(pi+1 − pi) (7)
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