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a b s t r a c t 

As two important expanded quantification rough set models, the probabilistic rough set 

(PRS) model and the graded rough set (GRS) model are used to measure relative quanti- 

tative information and absolute quantitative information between the equivalence classes 

and a basic concept, respectively. The decision-theoretic rough set (DTRS) model is a spe- 

cial case of PRS model which mainly utilizes the conditional probability to express relative 

quantification. Since the fuzzy concept is more general than classical concept in real life, 

how to make decision for a fuzzy concept using relative and absolute quantitative infor- 

mation is becoming a hot topic. In this paper, a couple of double-quantitative decision- 

theoretic rough fuzzy set (Dq-DTRFS) models based on logical conjunction and logical dis- 

junction operation are proposed. Furthermore, we discuss decision rules and the inner re- 

lationship between these two models. Then, an experiment in the medical diagnosis is 

studied to support the theories. Finally, to apply our methods to solve a pattern recogni- 

tion problem in big data, experiments on data sets downloaded from UCI are conducted to 

test the proposed models. In addition, we also offer a comparative analysis using two non- 

rough set based methods. From the results obtained, one finds that the proposed method 

is efficient for dealing with practical issues. 

© 2016 Elsevier Inc. All rights reserved. 

1. Introduction 

Rough set theory was first proposed by Pawlak [26] . It is an extension of the classical set theory and could be regarded 

as a mathematical and soft computing tool to handle imprecision, vagueness and uncertainty in data analysis. It is currently 

one of the most promising research directions in artificial intelligence. The classical Pawlak rough set model defines a pair 

of lower and upper approximations, or equivalently three pair-wise disjoint positive, negative, and boundary regions, of a 

given set by using the set-inclusion relation and the set non-empty overlapping condition [27] . The three regions can be 

interpreted as three-way decisions consisting of acceptance, rejection and non-commitment [37–39] . The qualitative for- 

mulation ensures that both positive and negative regions are error free, namely, there is no incorrect acceptance error, nor 

incorrect rejection error. Whenever there is any doubt, a decision of non-commitment is made. Such a stringent formulation, 

although making an analysis of a rough set model easier, may unnecessarily restrict its applicability and flexibility. In many 

situations, we are willing to allow some degree of errors in order to make an acceptance or a rejection decision for more 
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objects. To solve the limitations that the relationship between equivalence classes and the basic set are strict and there are 

no fault tolerance mechanisms, several proposals of generalized quantitative rough set models have been made by using a 

graded set inclusion. The PRS model [40] and GRS model [41] are two important expanded models to measure relative and 

absolute quantitative information between the equivalence class and a basic concept, respectively. 

In 1987, Wong and Ziarko [34,35] introduced probabilistic approximation space to rough set theory and then presented 

the concept of PRS model. Subsequently, Yao et al. [42,43] proposed a more concrete PRS model called DTRS model. This 

perspective was given to deal with the degree of overlapping of an equivalence class with the set to be approximated, and 

an approach was presented to select the needed parameters in lower and upper approximations. As far as the probabilistic 

approach to rough set theory is concerned, Pawlak and Skowron [28] , proposed a method to characterize a rough set by a 

single membership function. By the definition of a rough membership function, elements in the same equivalence class have 

the same degree of membership. The rough membership may be interpreted as the probability of any element belonging to 

a set, given that the element belongs to an equivalence class. This interpretation led to proposing PRS model [40,42] . Greco 

et al. [3] introduced a new generalization of the original definition of rough set and variable precision rough set models, 

named the parameterized rough set model. They aimed at modeling data relationships expressed in terms of frequency 

distribution rather than in terms of a full inclusion relation, which is used in the classical definition of rough set model. 

PRS model extends the applied range of classical rough set model. The major change is the consideration regarding the 

probability of an element being in a set to determine inclusion in approximation regions. Two probabilistic thresholds are 

used to determine the division between the boundary-positive region and boundary-negative region. 

Decision making is an important issue in our daily life. Pedrycz [29] proposed the collaborative and linguistic mod- 

els of decision making based on granular computing. Chen and Zhao [1] discussed the local reduction of decision system 

with fuzzy rough set. Yao et al. [43] proposed the DTRS model by using the Bayesian decision theory. Herbet et al. studied 

the game-theoretic rough set [5,6] . The DTRS model as a concrete PRS model, has aroused interests of many scholars and 

obtained great achievements in recent years. Herbert and Yao [4,5] studied the combination of the DTRS model and the 

game-theoretic rough set model. Qian et al. studied the multi-granulation decision-theoretic rough set model [30] . Li et al. 

proposed the multi-granulation decision-theoretic rough set model in an ordered information system [22] . Li and Zhou 

[11,12] presented a multi-perspective explanation of the DTRS model and discussed attribute reduction and its application 

for the DTRS model. Jia et al. [7] also discussed the attribute reduction problem for the DTRS theory. Liu et al. [13–15] dis- 

cussed multiple-category classification with DTRS model and its applications in management science. In [9,10,16] , both Li 

and Lingras used the DTRS theory to discuss the clustering analysis. Yang [44] studied the multi-agent DTRS model. Li et al. 

and Liang et al. [17,18] discussed information retrieval and filtering by using the DTRS theory. With the aid of multi-attribute 

group decision making, Liang et al. proposed three-way decisions by extending DTRS model to the qualitative environment 

[19] . Greco and Slowinski [4] combined the DTRS model with the dominance-based rough set model and then gave a new 

generalized rough set model. Based on the basic idea of the DTRS model, Zhou [52] presented a new description of this 

model. Ma and Sun [23,24] studied the DTRS theory over two universes based on the idea of the classical DTRS theory. Ju 

et al. proposed a moderate attribute reduction approach in DTRS [8] . Sun et al. investigated the decision-theoretic rough 

fuzzy set (DTRFS) model and application [32] . Zhang and Min applied three-way decision to recommender systems [46] . 

The GRS model based on graded modal logics exploring the relationships between rough set and modal logics was pro- 

posed by Yao and Lin [41] . The GRS model primarily considered the absolute quantitative information regarding the basic 

concepts and knowledge granules and was a generalization of the Pawlak model. The regions of the GRS model were ex- 

tensions of grade approximations. Since the inclusion relation of the grade approximations did not hold any longer, positive 

and negative regions, upper and lower boundary regions were naturally proposed. Obviously, regions of the GRS model also 

extended the corresponding notions of the classical rough set model. Also Yao and Lin studied the graded rough set approx- 

imations based on nested neighborhood systems. Xu et al. investigated the GRS model based on rough membership function 

[36] . Liu et al. researched the GRS model based on two universes and its properties were discussed [20] . They classified the 

universe more precisely and had their own logical meanings related to the grade quantitative index. In addition, GRS model 

also considered absolute quantitative information between equivalence classes and the basic concept [49] . By defining the 

upper approximation number, Wang et al. constructed the quantitative analysis for covering-based rough set model [33] . 

Zhang and Miao constructed the double-quantitative approximation space, and then they proposed two double-quantitative 

rough set models [47,48] . Later, they investigated the attribute reduction of the proposed rough set models [50,51] . 

As two useful expanded rough set models, DTRS and GRS can respectively reflect relative and absolute quantitative in- 

formation about the degree of overlapping between equivalence classes and a basic set. The relative and absolute quanti- 

tative information are two distinctive objective sides that describe approximate space, and each has its own virtues and 

application environments, so none can be neglected. Relative quantitative information and absolute quantitative information 

are two kinds of quantification methodologies in certain applications. Usually, most researchers prefer to use the relative 

quantitative information [11,13,14,23–25,35,47] . However, the absolute quantitative information is more important than or 

as important as the relative quantitative information in some specific fields or special cases. Many related examples can 

be found in practice. Zhang investigated the double-quantitative rough set model of precision and grade using granular 

computing [48] . Recently, Zhang and Miao did researches on an expanded double-quantitative model regarding probabilities 

and grades and its hierarchical double-quantitative attribute [50,51] . Li discussed the double-quantitative decision-theoretic 

rough set model based on assembling the lower and upper approximations of DTRS and GRS models [21] . However, there is 

no research on incorporating fuzzy concept in double-quantitative models. 
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