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a b s t r a c t 

In a dynamic environment, the data collected from real applications varies not only with the amount 

of objects but also with the number of features, which will result in continuous change of knowledge 

over time. The static methods of updating knowledge need to recompute from scratch when new data 

are added every time. This makes it potentially very time-consuming to update knowledge, especially 

as the dataset grows dramatically. Calculation of approximations is one of main mining tasks in rough 

set theory, like frequent pattern mining in association rules. Considering the fuzzy descriptions of deci- 

sion states in the universe under fuzzy environment, this paper aims to provide an efficient approach for 

computing rough approximations of fuzzy concepts in dynamic fuzzy decision systems (FDS) with simul- 

taneous variation of objects and features. We firstly present a matrix-based representation of rough fuzzy 

approximations by a Boolean matrix associated with a matrix operator in FDS. While adding the objects 

and features concurrently, incremental mechanisms for updating rough fuzzy approximations are intro- 

duced, and the corresponding matrix-based dynamic algorithm is developed. Unlike the static method of 

computing approximations by updating the whole relation matrix, our new approach partitions it into 

sub-matrices and updates each sub-matrix locally by utilizing the previous matrix information and the 

interactive information of each sub-matrix to avoid unnecessary calculations. Experimental results on six 

UCI datasets shown that the proposed dynamic algorithm achieves significantly higher efficiency than the 

static algorithm and the combination of two reference incremental algorithms. 

© 2016 Elsevier B.V. All rights reserved. 

1. Introduction 

Rough Set Theory (RST) proposed by Pawlak in 1982 [1] is an 

efficient tool for mining knowledge from the data with uncertainty 

and imprecision information. Since RST based data analysis does 

not need any extra information about data, knowledge discovered 

from the data will be more objective. Nowadays, RST has been suc- 

cessfully applied in many fields, such as artificial intelligence [2,3] , 

data mining [4,5] , intelligent information processing [6,7] and so 

forth. 

Although the Pawlak’s RST is an effective tool for dealing with 

the data in which the condition attributes are symbolic and deci- 

sion attributes are crisp, it is difficult to process the data with real 
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attribute values or the fuzzy decision values, which exist in many 

real applications, such as the disease diagnosis data [8] , spacial 

data [9] , microarray data [10] . Rough fuzzy set and fuzzy rough set 

were presented by Dubois et al. [11] to deal with the coarseness 

and fuzziness in a fuzzy environment [12,13] . Due to the advan- 

tage of integrating two uncertainties (roughness and vagueness), 

these two models have been widely applied for various applica- 

tions ( e.g. , attribute reduction [14] , rule induction [15] , formal con- 

cept analysis [16] , clustering [17] , robust classifies [18] , etc). When 

the condition attributes are nominal and decision attributes are 

fuzzy, rough fuzzy set depicts the fuzzy concept by lower and up- 

per approximations in a crisp approximation space. Yang et al. ex- 

tended rough fuzzy set to deal with interval-valued data based on 

the α-dominance relation and investigated the corresponding al- 

gorithms of attribute reduction and rule induction [19] . Sun et al. 

constructed the decision-theoretic rough fuzzy set by combining 

the probability and fuzziness in a fuzzy decision system (FDS) and 

proposed an approach for selecting probability parameters based 

on decision-making risk [20] . Li et al. integrated rough fuzzy set 
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with two universes of discourse based on covering, tolerance, dom- 

inance and equivalence relations, respectively [21] . Huang et al. 

combined rough set and fuzzy set for discovering the inherent re- 

lationships among documents with different languages [22] . Pet- 

rosino et al. developed an image compression algorithm by coding 

and decoding the image in terms of rough fuzzy approximations 

[23] . 

In real-life applications, the data are often not static, but evolve 

over time. The characteristics of the evolving data can be simply 

summarized as three scenarios, i.e. , the objects are inserted or re- 

moved, the attributes are added or deleted and the attribute values 

are revised. For example, in an electronic health records system, 

new patients’ records are added or outdated records are deleted, 

new disease features (attributes) become available due to the ap- 

pearance of new medical devices or irrelevant disease features are 

removed, and the feature values may be revised because of the in- 

correct inputs. Correspondingly, dynamically updating the data will 

result in the changes of knowledge discovered from data. Tradi- 

tional static methods retrain the whole model on the entire up- 

dated data, which make it too time-consuming to immediate deci- 

sion making or predicting, etc. Incremental learning is an efficient 

method to improve the effectiveness of data mining models and 

algorithms by means of the previous accumulated knowledge and 

the newly updated data [24] . It has been widely employed in RST 

under the dynamic environment with three different data updating 

scenarios [25–27] . With the variation of objects, based on informa- 

tion entropy, Liang et al. presented an incremental attribute reduc- 

tion approach with the insertion of a group objects [28] . Huang 

et al. proposed an incremental rule induction algorithm which can 

guarantee that the extracted rules were complete and no dupli- 

cate [29] . Zeng et al. investigated the incremental mechanisms of 

computing rough fuzzy approximations [30] . With the variation of 

attributes, Wang et al. presented an incremental feature selection 

method based on three different entropy measures [31] . Chen et al. 

presented two incremental methods for computing rough fuzzy 

approximations based on the boundary set and the cut set, re- 

spectively [32] . Yang et al. investigated an incremental approach 

for computing multigranulation rough approximations [33] . With 

the change of attribute values, Luo et al. developed a dynamic ap- 

proach based on matrix for updating rough approximations in the 

set-valued decision systems [34] . Cai et al. designed a fast attribute 

reduction algorithm in the covering decision information systems 

[35] . However, the data may vary in the form of multi-dimensions 

in real-life situations, i.e. , objects, attributes and attribute values 

will vary simultaneously. Chen et al. investigated the incremen- 

tal updating approximations based on decision-theoretic rough set 

when both the objects and attributes increase over time [36] . But 

the approach suffers the limitation of handling the fuzzy set. As 

the fuzzy information universally exist in the real applications, 

we investigate the incremental mechanisms of rough approxima- 

tions with respect to the fuzzy concept set under the simultaneous 

change of objects and attributes in this paper. 

Matrix is advantageous in that it is intuitional and simple for 

knowledge representation and reasoning in RST [37–39] . Wang 

et al. presented characteristic and Boolean matrices for illustrat- 

ing covering approximations [40] . Zhang et al. developed a par- 

allel method of computing composite rough approximation based 

on Boolean matrices [41] . Ma presented the matrix presentations 

of approximations of two fuzzy covering rough set models [42] . 

However, these matrix approaches could not be directly utilized 

for the computation of approximations in rough fuzzy set model. 

To address this limitation, we present a novel matrix operation for 

the construction of rough fuzzy approximations, and further de- 

velop incremental mechanisms based on matrix for maintenance of 

approximations when objects and attributes are added simultane- 

ously in FDS. Specifically, the whole relation matrix is divided into 

four parts for updating each sub-matrix conveniently. Each main 

diagonal block matrix is partly updated according to the previous 

matrix information. The counter-diagonal matrices are updated by 

the interactive information of two main diagonal matrices and the 

related properties of relation matrix. Finally, experimental results 

on six UCI data sets show that the proposed dynamic algorithm 

can achieve better performance than the static algorithm and the 

combined algorithm by integrating two reference incremental al- 

gorithms with the single-dimensional variation of FDS. 

The remainder of this paper is organized as follows. 

Section 2 introduces some basic concepts of FDS and rough 

fuzzy set model. Section 3 presents a matrix-based method for 

constructing rough fuzzy approximations. Section 4 presents in- 

cremental mechanisms for updating rough fuzzy approximations 

when the objects and attributes vary simultaneously, and an 

illustrative example is employed to show the effectiveness of 

the proposed method. Section 5 develops and analyzes the static 

and dynamic algorithms when the objects and attributes are 

added simultaneously. In Section 6 , comparative experiments are 

designed for validating the efficiency of the proposed dynamic 

algorithm. Finally, the paper ends with conclusions and further 

research topics in Section 7 . 

2. Preliminaries 

In this section, we will introduce the basic concepts of FDS and 

rough fuzzy set [1,11] . 

Definition 1. An FDS is 4-tuple S = 〈 U, C ∪ D, V, f 〉 , where U = 

{ x i | i ∈ { 1 , 2 , . . . , n }} is a non-empty finite set of objects, called the 

universe; C is a non-empty finite set of condition attributes and 

D is a non-empty finite set of fuzzy decision attributes, C ∩ D = ∅ ; 
V = V C ∪ V D , where V is the domain of all attributes, V C is the do- 

main of condition attributes and V D is the domain of decision at- 

tributes; f is an information function from U × ( C ∪ D ) to V such 

that f : U × C → V C , f : U × D → [0, 1]. 

The rough fuzzy set model was presented by Dubois and Prade 

to process the fuzzy concepts in a crisp approximation space [11] . 

Definition 2. Let S = 〈 U, C ∪ D, V, f 〉 be an FDS and A ⊆C . ˜ d is a 

fuzzy subset on D , where ˜ d (x ) ( x ∈ U ) denotes the degree of mem- 

bership with respect to x in 

˜ d . The lower and upper approxima- 

tions of ˜ d are a pair of fuzzy sets on D in terms of the equivalence 

relation R A , and their membership functions are defined as follows: 

R A ̃
 d (x ) = in f { ̃  d (y ) | y ∈ [ x ] R A } 

R A ̃
 d (x ) = sup{ ̃  d (y ) | y ∈ [ x ] R A } 

(1) 

where R A = { (x, y ) ∈ U × U| f (x, a ) = f (y, a ) , ∀ a ∈ A } , [ x ] R A = { y ∈ 

U| xR A y } denotes the equivalence class of x . 

Example 1. Table 1 illustrates a medical diagnosis FDS, 

S = 〈 U, C ∪ D, V, f 〉 , where U = { x i | i ∈ { 1 , 2 , . . . , 10 }} de- 

notes the patients, the condition attributes set C = 

{ headache , muscle pain , sore throat , temperature } = { c 1 , c 2 , c 3 , c 4 } , 
the fuzzy decision attributes set D = { Flu , No Flu } . The do- 

main V c 1 = { no , moderate , heavy } � { 0 , 1 , 2 } , V c 2 = V c 3 = V c 4 = 

{ no , yes } � { 0 , 1 } . 
Set A = { c 1 , c 2 } ⊂ C. The universe U can be parti- 

tioned according to the equivalence relation R A : U/R A = 

{{ x 1 , x 3 , x 4 } , { x 2 , x 5 , x 7 , x 9 , x 10 } , { x 6 , x 8 }} . Let ˜ d denote the Flu. 

Then the degrees of membership can be computed according to 
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