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a b s t r a c t 

Attribute reduction in rough set theory serves as a fundamental topic for information 

processing, and its basis is usually a decision table (D-Table). D-Table attribute reduc- 

tion concerns three hierarchical types, and only classification-based reduction is related to 

information-theoretic representation. Aiming at inducing comprehensive D-Table attribute 

reduction with hierarchies and information, this paper concretely constructs a D-Table’s 

three-layer granular structures and three-way informational measures via granular com- 

puting and Bayes’ theorem. With regard to the D-Table, the micro-bottom, meso-middle, 

and macro-top are hierarchically organized according to the formal structure and sys- 

tematic granularity. Then, different layers produce different three-way informational mea- 

sures by developing Bayes’ theorem. Thus, three-way weighted entropies originate from 

three-way probabilities at the micro-bottom and further evolve from the meso-middle to 

the macro-top, and their granulation monotonicity and evolution systematicness are ac- 

quired. Furthermore, three-way informational measures are analyzed by three-layer gran- 

ular structures to achieve their hierarchical evolution, superiority, and algorithms. Finally, 

structural and informational results are effectively illustrated by a D-Table example. This 

study establishes D-Table’s hierarchical structures to reveal constructional mechanisms and 

systematic relationships of informational measures. The obtained results underlie the D- 

Table’s hierarchical, systematic, and informational attribute reduction, and they also enrich 

the three-way decisions theory. 

© 2017 Elsevier Inc. All rights reserved. 

1. Introduction 

Rough set theory is fundamental for information processing. Its core reduction (especially attribute reduction) can effec- 

tively implement simplification and reasoning, and a decision table (D-Table) usually serves as the basis [4,23,35,36,44] but 

has no special reports on granular hierarchical structures. D-Table reduction includes “three steps”: attribute reduction, cat- 

egory reduction, and rule reduction [25] . Category reduction can change into attribute reduction on a condition class [39] , 

while rule reduction simply eliminates repeatability, and thus, the D-Table’s attribute reduction is worthwhile to comprehen- 

sively research. Herein, D-Table concerns four basic elements, i.e., the decisional classification, decisional class, conditional 
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Fig. 1. Background, thought, and contribution of the new research. 

classification, and conditional class, which are simply denoted by D-Classification, D-Class, C-Classification, and C-Class, 

respectively. 

D-Table attribute reduction has “three types” of hierarchies. The classical and prevalent type [25] depends on D- 

Classification and C-Classification and, thus, can be called classification-based reduction, and it exhibits research pathways in 

the model region, discernibility matrix, decision rule, and information measure [13,20,31,38] . Classification-based reduction 

implements whole optimization to, on average, fit all of the D-Classes, but its compromise might not necessarily be suitable 

for specific optimization with regard to every D-Class. Thus, Yao and Zhang [43] utilized D-Class and C-Classification to es- 

tablish a new attribute reduction called class-specific reduction to solve the relevant blind spots. Moreover, attribute reduc- 

tion based on D-Class and C-Class can describe category reduction [39] and, thus, becomes the third type. With regard to the 

D-Table, the three types of attribute reduction are actually located at different levels, and thus, relevant hierarchical struc- 

tures and informational evolution become significant; herein, granulation monotonicity plays an important role in attribute 

reduction with regard to C-Classification [13,23,33,48] and therefore becomes the main criterion for evaluating informational 

measures. Note that three-way decisions serve as a fundamental methodology with extensive applications. Hu [9] discussed 

three-way decisions based on semi-three-way decision spaces, and Li et al. [16] adopted the multi-granularity to study 

three-way cognitive concept learning. In particular, Yao [40] pointed out that the three-level analysis falls into the cate- 

gory of three-way decisions, so the three-layer attribute reduction and relevant three-level measure construction become a 

typical case and a good example of three-way decisions. 

Information theory provides an effective approach for uncertainty processing, which also exists in rough set theory, and 

the relevant information measure has been introduced into rough set theory for uncertainty representation and measure- 

ment [2,3,7,10,17,34] . As a result, the attribute reduction depends on measures to be related to the informational description. 

Miao and Wang [21,22] offered the informational representation of knowledge reduction and decision reduction, where the 

entropy and mutual information are highlighted; Wang et al. [32] conducted a comparative study on attribute reduction 

from the algebra and information viewpoints, where the conditional entropy acts as a main tool; Ma et al. [20] constructed 

a sort of conditional information entropy to obtain the heuristic reduction algorithms; Jiang et al. [14] presented the relative 

decision entropy to propose a feature selection algorithm; moreover, Slezak [29] used the (conditional) entropy to define 

approximate reducts. On the whole, the entropy, conditional entropy, and mutual information become basic informational 

measures to describe attribute reduction. However, they mainly originate from the perspective of information theory so are 

applied to only the usual classification-based reduction. For these information-theoretic measures, their construction mecha- 

nisms and systematic relationships are worthwhile to thoroughly clarify from the viewpoint of rough sets themselves based 

on the D-Table and attribute reduction. 

The above background is described in Fig. 1 , and the current research mainly rests on the solid arrow “information 

theory → three existing measures → classification-based reduction” which concerns only one level. In contrast, our overall and 

long objective is to induce comprehensive D-Table attribute reduction from hierarchical and informal perspectives, and D- 

Table’s hierarchical structures and informational measures naturally become a research basis. As a starting point, this paper 

concretely constructs D-Table’s three-layer granular structures and three-way informational measures. This research thought 

is also clarified by Fig. 1 (mainly the virtual arrow as well as the question mark), and granular computing (GrC) and Bayes’ 

theorem will be basically utilized. 

(1) GrC within a trialistic framework [42] acts as a structural methodology to process hierarchical information. GrC exten- 

sively concerns information granulation and is applied in rough set theory [18,27,28,45] . Herein, D-Table and its infor- 

mational measures concern D-Classification, D-Class, C-Classification, and C-Class to adhere to GrC, and thus, GrC-based 

multi-granule, multi-level, and multi-view can be fully utilized to implement structural construction and informational 

evolution, where granulation monotonicity must seek to underlie further attribute reduction. 

(2) According to Bayes’ theorem [1] : 

p(W/D t ) = 

p(W ) × p(D t /W ) 

p (D t ) 
, (1) 

where W and D t mean the model parameter and observed data, respectively. The posterior probability is proportional to 

the produce of the prior probability and likelihood function, and thus, Bayesian inference highlights the posterior part [1] . 

Bayes’ theorem and Bayesian inference are introduced into rough set theory to offer concrete results [8,26,30,41] . With 
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