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Abstract. Our goal in this paper is to propose an alternative risk measure which takes into
account the fluctuations of losses and possible correlations between random variables. This
new notion of risk measures, that we call Copula Conditional Tail Expectation describes
the expected amount of risk that can be experienced given that a potential bivariate risk
exceeds a bivariate threshold value, and provides an important measure for right-tail risk.
An application to real financial data is given.

Keywords: Conditional tail expectation; Positive quadrant dependence; Copulas;
Dependence measure; Risk management; Market models

Mathematics Subject Classification: 62P05; 62H20; 91B26; 91B30

1. INTRODUCTION

In actuarial science, several risk measures have been proposed, namely: the Value-at-Risk
(VaR), the expected shortfall or the conditional tail expectation (CTE), the distorted risk
measures (DRM) and recently the copula distorted risk measure (CDRM) as a risk measure
which takes into account the fluctuations dependence between random variables (rv), see [3].
The CTE in risk analysis represents the conditional expected loss given that the loss exceeds

∗ Correspondence to: Laboratory of Applied Mathematics, Mohamed Khider University of Biskra, PO Box 145 RP,
Biskra, Algeria.
E-mail addresses: b.brahimi@univ-biskra.dz (B. Brahim), f.benatia@univ-biskra.dz (B. Fatah),
d.yahia@univ-biskra.dz (Y. Djabrane).
Peer review under responsibility of King Saud University.

Production and hosting by Elsevier

https://doi.org/10.1016/j.ajmsc.2017.10.002
1319-5166. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

mailto:b.brahimi@univ-biskra.dz
mailto:f.benatia@univ-biskra.dz
mailto:d.yahia@univ-biskra.dz
https://doi.org/10.1016/j.ajmsc.2017.10.002
http://creativecommons.org/licenses/by-nc-nd/4.0/


Please cite this article in press as: B. Brahim, et al., Copula conditional tail expectation for multivariate financial risks, Arab Journal of
Mathematical Sciences (2017), https://doi.org/10.1016/j.ajmsc.2017.10.002.

2 B. Brahim et al.

its VaR and provides an important measure for right-tail risk. In this paper we will only
consider a rv with finite mean. For a real number α in (0, 1) , the CTE of a risk X is given by

CTE (α) := E [ X | X > V a RX (α)] , (1.1)

where V a RX (α) := inf {x : F (x) ≥ α} is the quantile of order α pertaining to distribution
function (df) F. In practice the expectation of X is computed when the conditional event α is
fixed (to be equal to 95% or 99% for example).

Suppose now that we deal with a couple of random losses (X1, X2). It is clear that the
CTE of X1 is unrelated to X2. If we had to control the overflow of the two risks X1 and X2
at the same time, CTE does not answer the problem, then we need another formulation of
CTE which takes into account the excess of the two risks X1 and X2. Then we deal with the
amount

E
[

X1| X1 > V a RX1 (α) , X2 > V a RX2 (t)
]
. (1.2)

If the couple of random losses (X1, X2) are independent rv’s then the amount (1.2) defined
only the CTE of a univariate risk, X1 for a fixed conditional event α. Therefore the case of
independence is not important.

In recent years dependence is beginning to play an important role in the world of risk.
The increasing complexity of insurance and financial activity products has led to increased
actuarial and financial interest in the modeling of dependent risks. While independence
can be defined in only one way, dependence can be formulated in infinite ways. Therefore
the assumption of independence makes the treatment easier. Nevertheless, in applications
dependence is the rule and independence is the exception. For more details see [12].

The copulas is a function that completely describes the dependence structure. It contains
all the information to link the marginal distributions to their joint distribution. To obtain
a valid multivariate df, we combine several marginal df’s, or a different distributional
family, with any copula function. Using Sklar’s theorem [37], we can construct a bivariate
distribution with arbitrary marginal distributions. Thus, for the purposes of statistical
modeling, it is desirable to have a large collection of copulas at one’s disposal. A great
many examples of copulas can be found in the literature, most are members of families with
one or more real parameter. For a formal treatment of copulas and their properties, see the
monographs by Hutchinson and Lai [26], Dall’Aglio et al. [10], Joe [27], the conference
proceedings edited by Benes̆ and S̆tĕpán [2], Cuadras et al. [9], Dhaene et al. [15] and the
textbook of Nelsen [31].

Recently in finance, insurance and risk management have emphasized the impor-
tance of positive or negative quadrant dependence notions (PQD or NQD) introduced
by Lehmann [28], in different areas of applied probability and statistics, as an example,
see [13,14]. Two rv’s are said to be PQD when the probability that they are simultaneously
large (or small) is at least as great as it would be where they are independent. In terms
of copula, if their copula is greater than their product, i.e., C(u1, u2) > u1u2 or, simply
C > C⊥, where C⊥ denotes the product copula. For the sake of brevity, we will restrict
ourselves to concepts of positive dependence.

The main idea of this paper is to use the information of dependence between PQD or NQD
risks to quantifying insurance losses and measuring financial risk assessments, we propose a
risk measure defined by:

CCTEX1 (t) := E
[

X1| X1 > V a RX1 (α) , X2 > V a RX2 (t)
]
.
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