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a b s t r a c t

We introduce an evolutionary game with feedback between perception and reality,

which we call the reality game. It is a game of chance in which the probabilities for

different objective outcomes (e.g. heads or tails in a coin toss) depend on the amount

wagered on those outcomes. By varying the ‘reality map’, which relates the amount

wagered to the probability of the outcome, it is possible to move continuously from a

purely objective game in which probabilities have no dependence on wagers to a purely

subjective game in which probabilities equal the amount wagered. We study self-

reinforcing games, in which betting more on an outcome increases its odds, and self-

defeating games, in which the opposite is true. This is investigated in and out of

equilibrium, with and without rational players, and both numerically and analytically.

We introduce a method of measuring the inefficiency of the game, similar to measuring

the magnitude of the arbitrage opportunities in a financial market. We prove that the

inefficiency converges to equilibrium as a power law with an extremely slow rate of

convergence: the more subjective the game, the slower the convergence.

& 2008 Elsevier B.V. All rights reserved.

. . . if a dream can tell the future it can also thwart that future. For God will not permit that we shall know what is to come.
He is bound to no one that the world unfold just so upon its course and those who by some sorcery or by some dream might

come to pierce the veil that lies so darkly over all that is before them may serve by just that vision to cause that God should

wrench the world from its heading and set it upon another course altogether and then where stands the sorcerer? Where

the dreamer and his dream?

Cormac McCarthy, The Crossing

1. Introduction

1.1. Motivation

To motivate the idea that outcomes might depend on subjective perception Keynes (1936) used the metaphor of a
beauty contest in which the goal of the judges is not to decide who is most beautiful, but rather to guess which contestant
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will receive the most votes from the other judges. Economic problems typically have both purely objective components, e.g.
how much revenue a company creates, as well as subjective components, e.g. how much revenue investors collectively
think it will create. The two are inextricably linked. For example, if investors think a company will succeed they will invest
more money, which may allow the company to increase its revenue. In general, subjective perceptions affect investment
decisions, which affect objective outcomes, which in turn affect subjective perceptions. Keynes’s model only deals with the
purely subjective elements of this problem, in the sense that the choices of the judges do not change how beautiful the
contestants are.

We are interested in developing a simple conceptual model for the more general case where subjective perception
affects objective outcomes. In our game the opinions of the judges do affect the beauty of the contestants. The importance
of this in financial markets has been stressed by Soros (1987), who calls this ‘market reflexivity’. Our model takes the form
of a simple game of chance in which the probability of outcomes can depend on the amount bet on those outcomes. This
dependence is controlled by the choice of a ‘reality map’ that mediates between subjective perception and objective
outcome. The form of the reality map can be tuned to move continuously from purely objective to purely subjective games,
and to incorporate both positive and negative feedback.1

Consider a probabilistic event, such as a coin toss or the outcome of a horse race. Now suppose that the odds of the
outcomes of the event depend on the amount wagered on them. In the case of a coin toss, this means that the probability of
heads is a function (the reality map) of the amount bet on heads. For a purely objective event, such as the toss of a fair coin,
the reality map is simple: the probability of heads is 1

2, independent of the amount bet on it, and thus the reality map is
constant. But many situations depend on subjective elements. In the case of a horse race, for instance, a jockey riding a
strongly favored horse may make more money if he secretly bets on the second most favored horse and then intentionally
loses the race. This is an example of a self-defeating reality map: if jockeys misbehave, then as the horse becomes more
popular, the objective probability that it will win decreases. Alternatively, in the economic setting we discussed above, if
people like growth strategies then they invest in companies whose prices are going up, which in turn drives prices further
up. This is an example of a self-reinforcing reality map. Our model makes it possible to qualitatively study these diverse
cases within the context of game theory in a simple and consistent setting.

In this paper we study a game of chance under a variety of different reality maps, ranging from purely objective to
purely subjective, and including both self-defeating and self-reinforcing cases. We study this as an evolutionary game in
which players have fixed strategies. Through time there is a reallocation of wealth toward a single strategy. By introducing
a rational player we can define the inefficiency of the game in a way that is similar to how one might define the inefficiency
in a financial market based on the magnitude of the arbitrage opportunities. We show that the inefficiency converges to
zero very slowly, and in particular, when the reality map is close to being subjective, it converges extremely slowly.

1.2. Review of related work

We use the framework developed by Kelly (1956) and Cover and Thomas (1991). They study a repeated game of chance
in which individual investors use fixed strategies and payoffs are determined according to pari-mutuel betting. The players
do not consume anything and reinvest all their wealth at every step. They show that the relative performance of strategies
can be understood in terms of an entropy measure, and that the strategy that asymptotically accumulates all the wealth is
that which maximizes log-returns, as originally shown by Kelly (1956) and developed by Breiman (1961) and others.
Similar results in a slightly different framework were independently developed by Blume and Easley (1993). The
motivation for the Blume and Easley model was to understand whether rationality is the only criterion for survival under
natural selection, a topic that has generated considerable interest in the evolutionary economics literature.2

All of the work above assumes that objective outcomes are exogenously given. Our results here differ because we extend
the framework of Kelly (1956) and Cover and Thomas (1991) to allow objective outcomes to be determined endogenously,
i.e. we let the objective payoffs change in a way that depends on the bets of the players. The idea that agent actions can
influence objective outcomes is an old one in economics. Examples include studies of increasing returns (Arthur, 1994a),
the El Farol model (Arthur, 1994b) and its close relative the minority game (Challet and Zhang, 1997), and cobweb models
(Hommes, 1991, 1994). In such models the feedback between actions and outcomes generates historical dependencies and
lock-ins to one of multiple expectational equilibria. Positive feedback has also been studied in terms of the generalized
Polya urn problem; in the simplest case a ball is drawn from an urn and replaced by two balls of the same color, which
asymptotically results in lock-in to one color or the other (Arthur et al., 1983; Dosi and Kaniovski, 1994). In a somewhat
different vein, a simple example of a game that changes due to the players’ behaviors and states was developed by Akiyama
and Kaneko (2000). The model we introduce here exhibits many of the behaviors seen in these previous models, but has the
advantage of being general yet simple, with tunable levels of positive or negative feedback.
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1 Some of the results in this paper are presented in more detail in Cherkashin (2004).
2 Some relevant examples in the evolutionary economics literature include Blume and Easley (1992, 2002), Sandroni (2000), Alos-Ferrer and Ania

(2005), Hens and Schenk-Hoppe (2005b), and Anufriev et al. (2006). See also the introduction to a special issue on evolutionary economics by Hens and

Schenk-Hoppe (2005a). Note that this line of work has failed to notice earlier work mentioned above from the literature on information theory and the

theory of gambling, which we believe would help clarify the debate.
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