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A B S T R A C T

A novel method of the time-dependent reliability, which combines the perturbation series expansions with the
interval mathematics, is presented in this study for life prediction of fatigue crack growth problems. Distinct
from the treatment in statistical analysis, characteristic parameters that exist in structural crack propagation
model are described as unknown-but-bounded (UBB) variables with perturbation terms owing to the fact of
variability of geometric sizes, material properties, and loading conditions. Then, based on the perturbation
principle and the Taylor extension approach, a new interval perturbation series expansion method (PSEM) to
predict boundary rules of the fatigue crack length a t( ) is derived. Meanwhile, the auto-correlation features
between a t( )k and +a t( )k 1 are also confirmed by employing the interval process theory. Additionally, inspired by
the classical out-crossing approach in random process issues, a non-probabilistic time-dependent reliability
(NTR) index R T( )s , as a safety measure for in-service engineering structures with crack, is defined, and its
solution algorithm is expounded in details. Numerical examples are eventually proposed to demonstrate the
validity of the developed methodology of uncertainty quantification and reliability evaluation.

1. Introduction

Most mechanical equipment and engineering structures need to bear
cyclic loads during their service life, which may lead to fatigue damage
[1–3]. In addition, since initial defects that occur during the manu-
facturing and fabrication stages are generally inevitable, fatigue frac-
ture is indeed one of the most significant mechanisms of structural
deterioration [4,5]. With the continuous development of structural
design technology, the early concepts of the static strength design and
fatigue strength design are also gradually updated by the philosophy of
damage tolerance design [6,7]. In view of this, a great many of relative
studies have been recently performed to explore the crack growth rule
and further predict the residual life from the aspect of structural safety
[3,8–11].

Considering that properties of fatigue crack growth are always de-
termined by multiple factors, such as material features, geometrical
dimensions and loading conditions, which may exhibit certain degree of
uncertainty in applicable engineering, the deterministic analytic
methods may no longer be feasible [12,13]. Under such circumstances,
the probability-based methodologies become more popular when
dealing with crack propagation issues [14,15]. Ray et al. [16] proposed
a lognormal-distributed crack length model of fatigue crack

propagation based on the asymptotic analysis of growing fatigue near-
crack-tip fields in damaged materials. Zhang and Mahadevan [17]
presented a Bayesian procedure to quantify uncertainties in material
parameters and loading conditions. Wu and Ni [18] investigated the
rule of uncertain crack growth rate based on the random processes
approach where the initial crack length is assumed to be completely
known. Based on the scaled boundary finite element method (SBFEM),
Jang et al. [19] performed a stochastic response analysis to tackle
probabilistic fracture issues where the moment information was ob-
tained by the maximum entropy principle. Salimi et al. [20] considered
uncertain parameters in Walker and Forman models and performed the
stochastic fatigue analysis using a Monte Carlo simulation. In terms of
safety problems of the fatigue life prediction, large number of prob-
abilistic reliability means, which mainly include approaches based on
probabilistic fracture mechanics [21–23], stochastic finite element
methods [14,24,25], and statistical test based technologies [26–28]
were also developed over the past two decades.

As the above literature reveals, most of the current works based on
statistical models and random process theories commonly need suffi-
cient sample data to reasonably embody the uncertainty essence and to
precisely determine the reliability measurement [29]. In practical en-
gineering, however, experimental information is quite limited so that
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necessary hypotheses have to be developed when dealing with crack
growth issues under the probabilistic framework [30,31]. Thus, un-
reliable test/simulation results are likely to occur [32,33].

To overcome the abovementioned shortage, the uncertainty quan-
tification (UQ) analysis based on interval mathematics and the non-
probabilistic reliability assessment methodologies have been attracting
increasing attention and have become hotspots in academic and in-
dustrial fields in recent years [34–36]. With regard to studies on un-
certain crack propagation, Worden et al. [37,38] investigated the ef-
fects of unknown-but-bounded (UBB) parameters on the estimated
lifetime of a cracked metallic plate, and further reconstructed the da-
mage progression within the framework of interval arithmetic. Dong
et al. [39] evaluated interval bounds of the fatigue crack cycle by
combing the evidence theory and the Kriging meta-model. Tang et al.
[40] proposed an evidential UQ model that involves policies of differ-
ential evolution (DE) based interval optimization to characterize un-
certainties of the metal fatigue crack growth. With respect to non-
probabilistic reliability estimation, approaches for general static and
dynamic problems developed by Ben-Haim and Elishakoff [41,42], Qiu
et al. [43,44], Jiang et al. [45,46], Kang et al. [47,48], and Du et al.
[49,50] may be of benefit for the fatigue life prediction of structures
with cracks.

Compared to the study based on probabilistic models, the non-
probabilistic case is still in its primary stage even though several re-
search results as stated previously have been published. Two major
problems of interval analysis are manifested as undesirable over-
estimation of the true solution set for the crack growth length and the
time-invariant reliability judgement (time dependency effects of the
uncertain crack evolution process are ignored arbitrarily) for safety life
evaluation. Currently, there are limited relative research works that
involve the above issues.

In summary, this paper aims at developing a novel analytic meth-
odology, which combines the interval perturbation series expansion
method (PSEM) and the first-passage principle, to achieve UQ analysis
and the non-probabilistic time-dependent reliability (NTR) assessment
of cracked structures with limited uncertainty information. The re-
mainder of this paper is organized as follows. Deterministic fatigue
crack propagation equations are briefly reviewed in Section 2. In Sec-
tion 3, the interval model is introduced to describe UBB variables and
boundary rules of the crack growth evolution, which is evaluated by
construction of the interval PSEM. Based on the interval process model,
the time-dependency effect of the crack propagation length is taken into
account in Section 4.1, and the mathematical expression of the auto-
correlation coefficient is deduced in Section 4.2. In Section 5, inspired
by the out-crossing approach in random process theory, a novel NTR
index is defined as the safety measurement for the cracked structures.
Two examples are used to demonstrate the effectiveness of the proposed
approach in Section 6, followed by some conclusions.

2. Theoretical basis of fatigue crack propagation equations

As is well known, structural fatigue lifetime contains two parts: the
lifetime for crack initiation and the lifetime for crack propagation. For
many engineering applications, in particular of the aircraft design, a
major part of the total fatigue life is represented using the crack growth
period. Therefore, an increasing amount of theoretical/experimental
research corresponding to fatigue crack growth issues has been pub-
lished in recent decades.

Currently, a large number of empirical models that characterize the
fatigue crack evolution have been developed. Among them, the Paris-
Erdogan model [51], owing to its advantage of feasibility and effec-
tiveness, is widely applied, namely,

=da
dt

C K·(Δ )m
(1)

where da
dt

means the fatigue crack growth rate (a is the crack length and

t stands for the instant time or the number of stress cycles); C and m are
material-specific constants that should be generally determined through
sample experiments; KΔ is named as the stress intensity factor range,
which can be obtained by

=K f S πaΔ ·Δ · (2)

where the correction factor = …f f a L W( , , , ) is commonly related to the
crack length a and geometric dimensions (characteristic sizes of length
L and W ) of a specific structure; = −S S SΔ max min represents the am-
plitude of the cyclic stress (Smax and Smin are the maximum and
minimum of the far-field stress, respectively). Substituting Eq. (2) into
Eq. (1) yields,

= … −da
dt

C f a L W S S πa· ( , , , ) ·( ) ·( )m m m
max min 2

(3)

Indeed, Paris’s law is an over-simplification of the fatigue crack
growth evolution as it ignores the effect of the stress ratio R in its
original form. In view of this, the following improved formula [52] is
then proposed as

= −a
t

C R Kd
d

·[(1 ) · ]m n
max (4)

where the stress ratio =R S
S

max
min

, and Kmax denotes the maximal stress
intensity factor. By introducing the −K KΔ max concept, the Paris law can
also be modified as a unified crack growth prediction model, i.e.,

= −a
t

C K Kd
d

·[Δ ·( ) ]α α β(1 )
max (5)

where α and β are both determined through experimental results.
Combined with the generalized Frost and Dugdale law [53], Eq. (5)
further transforms into

= −
⎛
⎝
− ⎞

⎠
a
t

C K K ad
d

·[Δ ·( ) ] ·α α β
β

(1 )
max,total

1 2
(6)

where Kmax,total represents the total maximum of the stress intensity
factor K .

It is noted that these models for the crack growth rate a
t

d
d

can be
simplified to a universal format as below

= …∗a
t

C C f S ad
d

( , , , ) b
(7)

where ∗C is a parameter related to the material, geometry, loading and
environment while b is a constant. Generally, the crack is assumed to be
treated as a hole or a single edge in an infinite pate, and thereby Eq. (7)
can be rewritten as

= ∗a
t

C ad
d

· b
(8)

where ∗C and b are treated as constants for given material configura-
tions and loading environment.

3. Perturbation series expansion method (PSEM) with unknown-
but-bounded (UBB) uncertainties

In practical engineering, however, the parameters C , f , S, m, etc., in
Eq. (7) always have particular degree of uncertainty so that the crack
length a is essentially an uncertain variable rather than a specific value
with a given t . In this light, the uncertainty propagation of the crack
growth process is considered and investigated in this section based on
the PSEM and interval mathematical techniques.

3.1. Uncertainty modeling descriptions

In the majority of cases, experimental samples for determining the
stochastic nature of the above crack growth parameters (C , f , S, m,
etc.) are extremely limited, and thus the UBB model is adopted herein.

L. Wang et al. Theoretical and Applied Fracture Mechanics 95 (2018) 104–118

105



https://isiarticles.com/article/140646

