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Abstract: The piezoelectric actuators (PEAs) with many advantages such as sub-nanometers
resolution, low power consumption, quick response, high stiffness, etc., have been widely used
in micro/nano positioning systems which play a very important role in many key technologies
recently. To achieve high precision in tracking applications based on PEAs, advanced control
techniques are needed to cope with the nonlinearity exhibiting between the input voltage and
output displacement of the PEAs. This paper proposes a new approach to get high tracking
performance by combining discrete-time quasi-sliding mode control (DQSMC) and prescribed
performance control (PPC) techniques. The effectiveness of the proposed method is verified by
experiments on a piezo-actuated positioning system.

Keywords: sliding mode control, prescribed performance control, piezo-actuated positioning
system.

1. INTRODUCTION

Nowadays, micro/nano positioning devices have played
a very important role in many key technologies such as
semiconductor, optoelectronic devices production, biolog-
ical manipulation, etc., where ultrahigh precision motion
is required. Various type of actuators have been exploited
to drive these devices including piezoelectric actuators
(PEAs), electromagnetic motors, magnetostrictive actu-
ators. Due to distinct advantages such as: frictionless,
sub-nanometer resolution, high stiffness, quick response
and low power consumption, PEAs have been extensively
adopted in micro/nano positioning applications. The ma-
jor drawback of the PEAs is the nonlinear relationship
between the applied input voltage and the output displace-
ment, normally called hysteresis. In practice, the hysteresis
is unknown, unmeasurable and varied with the working
conditions. Hence, this phenomenon may affect the accu-
racy of the positioning systems. Handling the hysteresis
and achieving high accuracy are the key challenges in
micro/nano positioning devices based on PEAs.

Numerous control strategies have been proposed in the lit-
erature to cope with the hysteresis as reviewed in Devasia
(2007). The most straightforward approach is to recon-
struct the hysteresis by a mathematical model first and
then using inverse compensation technique to suppress the
hysteresis. This results in the proposal of several famous
models which are based on nonlinear hysteresis opera-
tors or nonlinear differential equations such as: Preisach
model (Ping and Musa, 1996), Prandtl-Ishlinskii model
(Liu et al., 2014), Bouc-Wen model (Rakotondrabe, 2011),

etc. However, modeling the hysteresis is a complicated
procedure and time consuming. This paper focuses on
the hysteresis model-free approach where the hysteresis is
regarded as an unknown disturbance to a nominal model.
Then, robust control techniques are employed to cope with
the disturbance.

The sliding mode control (SMC) is well known as a robust
control technique due to its insensitivity to matched un-
certainties (Yu and Kaynak, 2009). Due to its simplicity
and robustness, SMC has been used for a vast of ap-
plications such as motor control (Corradini et al., 2012;
Curkovic et al., 2013), water reactor (Munje et al., 2016),
etc. At first, most results focus on continuous time SMC
design (Utkin, 1977), (Hung et al., 1993). However, the
performance of a well designed continuous time system
may be degraded when implemented by a digital controller
due to the numerical approximation and finite sampling
frequency. Hence, studying on discrete-time sliding mode
control (DSMC) has attracted a lot of attention. Recently,
the DSMC has also been applied to micro/nano position-
ing system based on PEAs. These works focus on increas-
ing the convergence rate by using terminal sliding mode
strategy (Xu, 2015), reducing the chattering phenomenon
by using integral sliding mode control (Xu and Abidi,
2008), enhancing the tracking performance by combining
DSMC with model predictive control (MPC) technique
(Xu, 2015).

Recently, a new technique called prescribed performance
control (PPC) has been proposed in the literature. The
goal of the PPC design is to keep the tracking error

Proceedings of the 20th World Congress
The International Federation of Automatic Control
Toulouse, France, July 9-14, 2017

Copyright © 2017 IFAC 5292

Discrete Time Quasi Sliding Mode Control
For Piezo-Actuated Positioning Systems: A
Prescribed Performance Control Approach

L. M. Nguyen ∗ X. Chen ∗∗

∗ Graduate School of Engineering and Science, Shibaura Institute of
Technology, Saitama 337-8570, Japan (e-mail:

nb15502@shibaura-it.ac.jp).
∗∗ Department of Electronic and Information Systems, Shibaura
Institute of Technology, Saitama 337-8570, Japan, (e-mail:

chen@shibaura-it.ac.jp)

Abstract: The piezoelectric actuators (PEAs) with many advantages such as sub-nanometers
resolution, low power consumption, quick response, high stiffness, etc., have been widely used
in micro/nano positioning systems which play a very important role in many key technologies
recently. To achieve high precision in tracking applications based on PEAs, advanced control
techniques are needed to cope with the nonlinearity exhibiting between the input voltage and
output displacement of the PEAs. This paper proposes a new approach to get high tracking
performance by combining discrete-time quasi-sliding mode control (DQSMC) and prescribed
performance control (PPC) techniques. The effectiveness of the proposed method is verified by
experiments on a piezo-actuated positioning system.

Keywords: sliding mode control, prescribed performance control, piezo-actuated positioning
system.

1. INTRODUCTION

Nowadays, micro/nano positioning devices have played
a very important role in many key technologies such as
semiconductor, optoelectronic devices production, biolog-
ical manipulation, etc., where ultrahigh precision motion
is required. Various type of actuators have been exploited
to drive these devices including piezoelectric actuators
(PEAs), electromagnetic motors, magnetostrictive actu-
ators. Due to distinct advantages such as: frictionless,
sub-nanometer resolution, high stiffness, quick response
and low power consumption, PEAs have been extensively
adopted in micro/nano positioning applications. The ma-
jor drawback of the PEAs is the nonlinear relationship
between the applied input voltage and the output displace-
ment, normally called hysteresis. In practice, the hysteresis
is unknown, unmeasurable and varied with the working
conditions. Hence, this phenomenon may affect the accu-
racy of the positioning systems. Handling the hysteresis
and achieving high accuracy are the key challenges in
micro/nano positioning devices based on PEAs.

Numerous control strategies have been proposed in the lit-
erature to cope with the hysteresis as reviewed in Devasia
(2007). The most straightforward approach is to recon-
struct the hysteresis by a mathematical model first and
then using inverse compensation technique to suppress the
hysteresis. This results in the proposal of several famous
models which are based on nonlinear hysteresis opera-
tors or nonlinear differential equations such as: Preisach
model (Ping and Musa, 1996), Prandtl-Ishlinskii model
(Liu et al., 2014), Bouc-Wen model (Rakotondrabe, 2011),

etc. However, modeling the hysteresis is a complicated
procedure and time consuming. This paper focuses on
the hysteresis model-free approach where the hysteresis is
regarded as an unknown disturbance to a nominal model.
Then, robust control techniques are employed to cope with
the disturbance.

The sliding mode control (SMC) is well known as a robust
control technique due to its insensitivity to matched un-
certainties (Yu and Kaynak, 2009). Due to its simplicity
and robustness, SMC has been used for a vast of ap-
plications such as motor control (Corradini et al., 2012;
Curkovic et al., 2013), water reactor (Munje et al., 2016),
etc. At first, most results focus on continuous time SMC
design (Utkin, 1977), (Hung et al., 1993). However, the
performance of a well designed continuous time system
may be degraded when implemented by a digital controller
due to the numerical approximation and finite sampling
frequency. Hence, studying on discrete-time sliding mode
control (DSMC) has attracted a lot of attention. Recently,
the DSMC has also been applied to micro/nano position-
ing system based on PEAs. These works focus on increas-
ing the convergence rate by using terminal sliding mode
strategy (Xu, 2015), reducing the chattering phenomenon
by using integral sliding mode control (Xu and Abidi,
2008), enhancing the tracking performance by combining
DSMC with model predictive control (MPC) technique
(Xu, 2015).

Recently, a new technique called prescribed performance
control (PPC) has been proposed in the literature. The
goal of the PPC design is to keep the tracking error

Proceedings of the 20th World Congress
The International Federation of Automatic Control
Toulouse, France, July 9-14, 2017

Copyright © 2017 IFAC 5292

Discrete Time Quasi Sliding Mode Control
For Piezo-Actuated Positioning Systems: A
Prescribed Performance Control Approach

L. M. Nguyen ∗ X. Chen ∗∗

∗ Graduate School of Engineering and Science, Shibaura Institute of
Technology, Saitama 337-8570, Japan (e-mail:

nb15502@shibaura-it.ac.jp).
∗∗ Department of Electronic and Information Systems, Shibaura
Institute of Technology, Saitama 337-8570, Japan, (e-mail:

chen@shibaura-it.ac.jp)

Abstract: The piezoelectric actuators (PEAs) with many advantages such as sub-nanometers
resolution, low power consumption, quick response, high stiffness, etc., have been widely used
in micro/nano positioning systems which play a very important role in many key technologies
recently. To achieve high precision in tracking applications based on PEAs, advanced control
techniques are needed to cope with the nonlinearity exhibiting between the input voltage and
output displacement of the PEAs. This paper proposes a new approach to get high tracking
performance by combining discrete-time quasi-sliding mode control (DQSMC) and prescribed
performance control (PPC) techniques. The effectiveness of the proposed method is verified by
experiments on a piezo-actuated positioning system.

Keywords: sliding mode control, prescribed performance control, piezo-actuated positioning
system.

1. INTRODUCTION

Nowadays, micro/nano positioning devices have played
a very important role in many key technologies such as
semiconductor, optoelectronic devices production, biolog-
ical manipulation, etc., where ultrahigh precision motion
is required. Various type of actuators have been exploited
to drive these devices including piezoelectric actuators
(PEAs), electromagnetic motors, magnetostrictive actu-
ators. Due to distinct advantages such as: frictionless,
sub-nanometer resolution, high stiffness, quick response
and low power consumption, PEAs have been extensively
adopted in micro/nano positioning applications. The ma-
jor drawback of the PEAs is the nonlinear relationship
between the applied input voltage and the output displace-
ment, normally called hysteresis. In practice, the hysteresis
is unknown, unmeasurable and varied with the working
conditions. Hence, this phenomenon may affect the accu-
racy of the positioning systems. Handling the hysteresis
and achieving high accuracy are the key challenges in
micro/nano positioning devices based on PEAs.

Numerous control strategies have been proposed in the lit-
erature to cope with the hysteresis as reviewed in Devasia
(2007). The most straightforward approach is to recon-
struct the hysteresis by a mathematical model first and
then using inverse compensation technique to suppress the
hysteresis. This results in the proposal of several famous
models which are based on nonlinear hysteresis opera-
tors or nonlinear differential equations such as: Preisach
model (Ping and Musa, 1996), Prandtl-Ishlinskii model
(Liu et al., 2014), Bouc-Wen model (Rakotondrabe, 2011),

etc. However, modeling the hysteresis is a complicated
procedure and time consuming. This paper focuses on
the hysteresis model-free approach where the hysteresis is
regarded as an unknown disturbance to a nominal model.
Then, robust control techniques are employed to cope with
the disturbance.

The sliding mode control (SMC) is well known as a robust
control technique due to its insensitivity to matched un-
certainties (Yu and Kaynak, 2009). Due to its simplicity
and robustness, SMC has been used for a vast of ap-
plications such as motor control (Corradini et al., 2012;
Curkovic et al., 2013), water reactor (Munje et al., 2016),
etc. At first, most results focus on continuous time SMC
design (Utkin, 1977), (Hung et al., 1993). However, the
performance of a well designed continuous time system
may be degraded when implemented by a digital controller
due to the numerical approximation and finite sampling
frequency. Hence, studying on discrete-time sliding mode
control (DSMC) has attracted a lot of attention. Recently,
the DSMC has also been applied to micro/nano position-
ing system based on PEAs. These works focus on increas-
ing the convergence rate by using terminal sliding mode
strategy (Xu, 2015), reducing the chattering phenomenon
by using integral sliding mode control (Xu and Abidi,
2008), enhancing the tracking performance by combining
DSMC with model predictive control (MPC) technique
(Xu, 2015).

Recently, a new technique called prescribed performance
control (PPC) has been proposed in the literature. The
goal of the PPC design is to keep the tracking error

Proceedings of the 20th World Congress
The International Federation of Automatic Control
Toulouse, France, July 9-14, 2017

Copyright © 2017 IFAC 5292

Discrete Time Quasi Sliding Mode Control
For Piezo-Actuated Positioning Systems: A
Prescribed Performance Control Approach

L. M. Nguyen ∗ X. Chen ∗∗

∗ Graduate School of Engineering and Science, Shibaura Institute of
Technology, Saitama 337-8570, Japan (e-mail:

nb15502@shibaura-it.ac.jp).
∗∗ Department of Electronic and Information Systems, Shibaura
Institute of Technology, Saitama 337-8570, Japan, (e-mail:

chen@shibaura-it.ac.jp)

Abstract: The piezoelectric actuators (PEAs) with many advantages such as sub-nanometers
resolution, low power consumption, quick response, high stiffness, etc., have been widely used
in micro/nano positioning systems which play a very important role in many key technologies
recently. To achieve high precision in tracking applications based on PEAs, advanced control
techniques are needed to cope with the nonlinearity exhibiting between the input voltage and
output displacement of the PEAs. This paper proposes a new approach to get high tracking
performance by combining discrete-time quasi-sliding mode control (DQSMC) and prescribed
performance control (PPC) techniques. The effectiveness of the proposed method is verified by
experiments on a piezo-actuated positioning system.

Keywords: sliding mode control, prescribed performance control, piezo-actuated positioning
system.

1. INTRODUCTION

Nowadays, micro/nano positioning devices have played
a very important role in many key technologies such as
semiconductor, optoelectronic devices production, biolog-
ical manipulation, etc., where ultrahigh precision motion
is required. Various type of actuators have been exploited
to drive these devices including piezoelectric actuators
(PEAs), electromagnetic motors, magnetostrictive actu-
ators. Due to distinct advantages such as: frictionless,
sub-nanometer resolution, high stiffness, quick response
and low power consumption, PEAs have been extensively
adopted in micro/nano positioning applications. The ma-
jor drawback of the PEAs is the nonlinear relationship
between the applied input voltage and the output displace-
ment, normally called hysteresis. In practice, the hysteresis
is unknown, unmeasurable and varied with the working
conditions. Hence, this phenomenon may affect the accu-
racy of the positioning systems. Handling the hysteresis
and achieving high accuracy are the key challenges in
micro/nano positioning devices based on PEAs.

Numerous control strategies have been proposed in the lit-
erature to cope with the hysteresis as reviewed in Devasia
(2007). The most straightforward approach is to recon-
struct the hysteresis by a mathematical model first and
then using inverse compensation technique to suppress the
hysteresis. This results in the proposal of several famous
models which are based on nonlinear hysteresis opera-
tors or nonlinear differential equations such as: Preisach
model (Ping and Musa, 1996), Prandtl-Ishlinskii model
(Liu et al., 2014), Bouc-Wen model (Rakotondrabe, 2011),

etc. However, modeling the hysteresis is a complicated
procedure and time consuming. This paper focuses on
the hysteresis model-free approach where the hysteresis is
regarded as an unknown disturbance to a nominal model.
Then, robust control techniques are employed to cope with
the disturbance.

The sliding mode control (SMC) is well known as a robust
control technique due to its insensitivity to matched un-
certainties (Yu and Kaynak, 2009). Due to its simplicity
and robustness, SMC has been used for a vast of ap-
plications such as motor control (Corradini et al., 2012;
Curkovic et al., 2013), water reactor (Munje et al., 2016),
etc. At first, most results focus on continuous time SMC
design (Utkin, 1977), (Hung et al., 1993). However, the
performance of a well designed continuous time system
may be degraded when implemented by a digital controller
due to the numerical approximation and finite sampling
frequency. Hence, studying on discrete-time sliding mode
control (DSMC) has attracted a lot of attention. Recently,
the DSMC has also been applied to micro/nano position-
ing system based on PEAs. These works focus on increas-
ing the convergence rate by using terminal sliding mode
strategy (Xu, 2015), reducing the chattering phenomenon
by using integral sliding mode control (Xu and Abidi,
2008), enhancing the tracking performance by combining
DSMC with model predictive control (MPC) technique
(Xu, 2015).

Recently, a new technique called prescribed performance
control (PPC) has been proposed in the literature. The
goal of the PPC design is to keep the tracking error

Proceedings of the 20th World Congress
The International Federation of Automatic Control
Toulouse, France, July 9-14, 2017

Copyright © 2017 IFAC 5292



5122 L.M. Nguyen  et al. / IFAC PapersOnLine 50-1 (2017) 5121–5126

trajectory in a predefined convergence zone described by
a performance function (Bechlioulis et al., 2008, 2009). To
achieve this goal, the constrained error of the original sys-
tem is transformed into an unconstrained equivalent form.
Then, the controller is designed based on the transformed
system. The merit of the PPC technique is that both
transient and steady-state performance of the closed-loop
system can be guaranteed, i.e, the tracking error converges
to a predefined arbitrarily small zone with a convergence
rate no less than a preassigned value and the maximum
overshoot less than a desired constant. This technique has
been successfully applied to various applications (Li et al.,
2016; Psomopoulou et al., 2015). Until now, most results
on PPC are achieved in continuous time domain following
that the algorithm is not ready to be implemented in
digital platforms.

To achieve high tracking performance with piezo-actuated
positioning system, this paper proposes a new scheme
where the PPC and DQSMC techniques are combined and
designed in discrete time domain. A new sliding variable
is proposed to cope with the constrained control problem
of the PPC. This approach utilizes the advantages of both
DQSMC and PPC techniques. Experiments on a piezo-
actuated positioning system are conducted to verify the
effectiveness of the proposed method.

2. PROBLEM FORMULATION

2.1 System Description

Consider the following single input-single output (SISO)
linear dynamical system as the nominal model of the piezo-
actuated positioning system:

yk+1 = −
n∑

i=1

aiyk−i+1 +

m∑
j=1

bjuk−j+1 + pk (1)

where uk is the control input (V ), yk is the output
displacement (µm), pk is the lump uncertainties including
the unknown modeling error and nonlinearities, ai and bj
are known parameters of the plant with b1 �= 0, n and m
are positive integer satisfying n ≥ m > 0.

2.2 Prescribed Performance Control

The performance function has been proposed in several
researches Bechlioulis et al. (2008)-Li et al. (2016) for
the purpose of describing a convergence zone in which
the tracking error trajectory must be maintained. In this
paper, a discrete-time prescribed performance function
(DPPF) is chosen as:

µk+1 = (1− κ)µk + κµ∞ (2)

with
0 < µ∞ < µ0

0 < κ < 1
(3)

This DPPF satisfies lim
k→∞

µk = µ∞ with the initial value

µ0 and the convergence rate κ restricted by (3).

To form a convergence zone, two additional constants
δ̄ ≥ 1, δ ≥ 1 representing the upper and lower bound
are used as follows

−δµk < ek < δ̄µk (4)

where the tracking error ek is defined as

ek = yd,k − yk (5)

and yd,k is the desired output at time instance k.

To solve the constrained control problem (4), the tracking
error ek is transformed into an unconstrained equivalent
form by employing a strictly increasing function Φ(ϑk)
of a transformed error ϑk. The function must satisfy the
following properties:

Property 1. −δ < Φ(ϑk) < δ̄, ∀ real numbers ϑk

Property 2.

lim
ϑk→+∞

Φ(ϑk) =δ̄

lim
ϑk→−∞

Φ(ϑk) =− δ

From the two above properties, the constraint (4) is same
as

ek = µkΦ(ϑk) (6)
Since Φ(ϑk) is strictly increasing and in view of (3), its
inverse function always exists:

ϑk = Φ−1[
ek
µk

] (7)

For control design purpose, a strictly increasing function
is chosen as

Φ(ϑk) =
δ̄eϑk − δe−ϑk

eϑk + e−ϑk
(8)

The transformed error is then derived from (8) as follows:

ϑk =
1

2
ln(

δµk + ek
δ̄µk − ek

) (9)

To fulfill the requirement (4) of PPC in the presence of
the uncertainties, the DQSMC with a new sliding variable
derived from the unconstrained transformed error (9) is
proposed in this paper. The design procedure and stability
analysis are introduced in the next section.

3. DQSMC WITH DPPF DESIGN

Consider the following 1st order sliding variable

Sk = τk − λτk−1 + λ− 1 (10)

where 0 < λ < 1 is a design parameter, τk is derived from
the original transformed error ϑk and defined as

τk =
δµk + ek
δ̄µk − ek

(11)

By using τk instead of ϑk in control design, the compu-
tation time is reduced since the logarithm function is not
employed in the control law.

Assume that at any time instance k, the condition −δµk+
γ < ek < δ̄µk−γ holds where γ is a small positive number
satisfying

0 < γ < (δ̄ + δ)µ0 (12)
It follows from (12) that τk is positive and bounded. Then,
the control action which fulfills the requirement of the PPC
can be obtained as following.

The one step-ahead value of the sliding variable is

Sk+1 = τk+1 − λτk + λ− 1 (13)

From (11) and (13), it yields

Sk+1 =
δµk+1 + ek+1

δ̄µk+1 − ek+1
− λτk + λ− 1 (14)
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From (1), the one step-ahead tracking error ek+1 is:

ek+1 = yd,k+1 +

n∑
i=1

aiyk−i+1 −
m∑
j=1

bjuk−j+1 − pk (15)

where yd,k+1 is the known future desired output.

Define p̂k as the estimated lump disturbance. According
to the discrete time perturbation estimation technique
(Kwon and Chung, 2003), this unknown term can be
estimated by its one step delayed value as follows:

p̂k ≈ pk−1 = yk +

n∑
i=1

aiyk−i −
m∑
j=1

bjuk−j (16)

Define p̃k as the perturbation estimation error

p̃k = pk − p̂k (17)

Assumption 1: The disturbance estimation error p̃k is
bounded by |p̃k| < ε where ε is a small positive number.

The equivalent control signal ueq
k can be obtained by the

following reaching law:

Sk+1 = 0 (18)

Substitute (14), (15) and (17) into (18), a fundamental
operation gives

yd,k+1+

n∑
i=1

aiyk−i+1 −
m∑
j=1

bjuk−j+1 − p̂k − p̃k

− δ̄(λτk + 1− λ)− δ

λτk + 2− λ
µk+1 = 0 (19)

Due to the fact that the disturbance estimation error p̃k
is unknown in practice, the equivalent control signal ueq

k
can only be obtained solving (19) in the absent of this
unknown term:

ueq
k = (b1)

−1{yd,k+1 +

n∑
i=1

aiyk−i+1 −
m∑
j=2

bjuk−j+1 − p̂k

− δ̄(λτk + 1− λ)− δ

λτk + 2− λ
µk+1} (20)

Since the equivalent control action ueq
k can only maintain

the sliding variable Sk on the sliding manifold when
p̃k = 0. Nevertheless, p̃k �= 0 in practice. Hence, a robust
DQSMC is needed to be developed.

Augmenting the control signal (20) with a nonlinear
switching term usw

k gives

uk = ueq
k + usw

k (21)

Substitute (15), (20) and (21) into (14), it yields

Sk+1 =
−(p̃k + b1u

sw
k )Θ2

k

Γk + (p̃k + b1usw
k )Θk

(22)

where Θk and Γk are defined as

Γk =(δ̄ + δ)µk+1 (23)

Θk =(λτk + 2− λ) (24)

By selecting

usw
k = (b)−1

1 Kswsign(Sk) (25)

where sign(Sk) is defined by

sign(Sk) =

{
1 for Sk > 0
0 for Sk = 0
−1 for Sk < 0

(26)

and Ksw is a positive control gain satisfying

Kmin
sw < Ksw < Kmax

sw (27)

where

Kmin
sw =ε+ γ (28)

Kmax
sw =

µ∞(1− λ)

λ
(δ̄+δ)µ0−γ

γ + (2− λ)
(29)

By using (20), (21) and (25) , the total control action is

uk =(b1)
−1{yd,k+1 +

n∑
i=1

aiyk−i+1 −
m∑
j=2

bjuk−j+1 − p̂k

− δ̄(λτk + 1− λ)− δ

λτk + 2− λ
µk+1 +Kswsign(Sk)} (30)

Theorem 1. Given the the nominal system (1) and the
sliding variable (10). If the control action (30) is used
and the initial parameters µ0, δ, δ̄ are selected such that
−δµ0+γ < e0 < δ̄µ0−γ, the sliding variable Sk will reach
a bounded QSMB in finite time and stay within this band
afterward with the tracking error ek fulfills requirement
(4) of the PPC ∀k > 0. The QSMB is defined as

L = {τk : QSMBN < Sk < QSMBP } (31)

with,

QSMBN =
−2KswΘ

2
k

Γk + 2KswΘk
(32)

QSMBP =
2KswΘ

2
k

Γk − 2KswΘk
(33)

Proof. First, we want to prove that at any time instance
k > 0, if the tracking error ek satisfies −δµk + γ < ek <
δ̄µk − γ which means τk is positive and bounded, then by
using the proposed control law (30), the tracking error in
the next sampling cycle ek+1 also fulfills the requirement
of the PPC, i.e., −δµk+1 + γ < ek+1 < δ̄µk+1 − γ.

By substituting the control action (30) into (15), a funda-
mental operation gives

ek+1 =
ξ1,kτk + ξ2,k
λτk + 2− λ

− {p̃k +Kswsign(Sk)} (34)

where,

ξ1,k = δ̄µk+1λ (35)

ξ2,k = {δ̄(1− λ)− δ}µk+1 (36)

From Assumption 1 and (27), it can be deduced that

γ − 2Ksw < − (p̃k +Kswsign(Sk)) < 2Ksw − γ (37)

Since −δkµk + γ < ek < δ̄kµk − γ holds in this step, it
follows from (3) and (11) that

γ

(δ̄ + δ)µ0 − γ
< τk <

(δ̄ + δ)µ0 − γ

γ
(38)

which results in

Kmax
sw =

µ∞(1− λ)

λ
(δ̄+δ)µ0−γ

γ + (2− λ)
<

µ∞(1− λ)

λτk + 2− λ
(39)

Then, from (37) and (39), it gives

γ−2µ∞(1− λ)

λτk + 2− λ
< − (p̃k +Kswsign(Sk)) <

2µ∞(1− λ)

λτk + 2− λ
−γ

(40)
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