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Abstract: We show how to minimize the energy required to build up the electromagnetic
field in radio-frequency cavities, which will allow power savings for pulsed particle accelerators.
By formulating an optimal control problem for a first-order system we obtain a solution on
state-feedback form. We numerically compare the optimal solution to previous approaches.

1. INTRODUCTION

Large particle accelerators require megawatts of power for
building up and maintaining the electromagnetic fields in
the accelerating radio-frequency (RF) cavities. For pulsed
accelerators, the energy required to fill the cavities (i.e.
build up the electromagnetic fields), is significant but
does not contribute to particle acceleration. For the linear
accelerator at the European Spallation Source (ESS), which
has 2.86 ms long beam pulses at 14 Hz, it takes 150 µs to
fill the superconducting cavities in the high-β section. This
amounts to a yearly cost of 100 ke 1 (Peggs et al., 2013).
Currently, the standard RF amplifier for high-power parti-
cle accelerators is the klystron, which is somewhat ineffi-
cient since its power consumption is constant, regardless of
output power. For the 84 cavities in the high-β section of
the ESS accelerator, the industry has been encouraged to
design an Inductive Output Tube (IOT), which is a newer
type of RF amplifier that is primarily used for television
transmissions. IOTs have an almost constant efficiency
down to 30% of maximum output power, which will give
substantial power savings.
For klystrons, which have constant power consumption, the
energy optimal filling strategy is simply to drive them at
saturation. However, for IOTs, it is possible to reduce the
filling energy with a more sophisticated strategy.
As remarked in a recent article by Bhattacharyya et al.
(2015), little work has been done on energy optimal filling
of RF cavities. In their article, they derived analytically
how to minimize the energy reflected from the cavity during
filling, which corresponds to minimization of the wall-plug
energy consumption for ideal amplifiers. In this contribution
� The authors work with development of the RF control system for
the linear accelerator at the European Spallation Source, and would
like to acknowledge many helpful discussions with the RF group at
ESS. They have also received financial support from the ELLIIT
Excellence Center and the Swedish Research Council through the
LCCC Linnaeus Center.
1 The filling constitutes 0.15 ms/(2.86 + 0.15) ms = 5 % of the RF
pulse, and the expected average electricity consumption of the RF
amplifiers (inductive output tubes) is 6 MW, which gives the following
cost estimate:
5 % × 6 MW × 5000 h/year × 0.07 e/kWh = 100 ke/year.
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Figure 1. Main components of an RF station. We will not
consider feedback in this article (dashed line).

we show how to minimize the wall-plug energy for arbitrary
amplifier characteristics. The components involved in the
control problem are illustrated in Figure 1.

1.1 Problem formulation

The baseband dynamics for the accelerating mode of
an accelerator cavity is given by the following complex-
coefficient differential equation (Schilcher, 1998),

V̇ = (−ω1/2 + i∆ω(t))V + ω1/2RLIg+ ω1/2RLIb, (1)
where V is the cavity field voltage (phasor), ω1/2 is the
cavity bandwidth, ∆ω(t) is the cavity detuning, RL is
the loaded shunt impedance, Ig is the generator current,
which is the controlled output of the RF amplifier, and
Ib is the beam-current, which is equal to 0 during the
filling. Throughout, bold letters will denote complex-valued
signals. To simplify the exposition we assume, without loss
of generality, that V has nominal value 1, ω1/2 = 1, and
RL = 1.
We want to determine how to fill the cavity, i.e. reach
V(tf ) = 1, while minimizing the energy consumption

W =
∫ tf

0
Pamp(|Ig|) dt, (2)

where Pamp(Ig) = I2
g /η(Ig) is proportional to the wall-plug

power drawn by the amplifier, and η(Ig) is the amplifier
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state-feedback form. We numerically compare the optimal solution to previous approaches.

1. INTRODUCTION

Large particle accelerators require megawatts of power for
building up and maintaining the electromagnetic fields in
the accelerating radio-frequency (RF) cavities. For pulsed
accelerators, the energy required to fill the cavities (i.e.
build up the electromagnetic fields), is significant but
does not contribute to particle acceleration. For the linear
accelerator at the European Spallation Source (ESS), which
has 2.86 ms long beam pulses at 14 Hz, it takes 150 µs to
fill the superconducting cavities in the high-β section. This
amounts to a yearly cost of 100 ke 1 (Peggs et al., 2013).
Currently, the standard RF amplifier for high-power parti-
cle accelerators is the klystron, which is somewhat ineffi-
cient since its power consumption is constant, regardless of
output power. For the 84 cavities in the high-β section of
the ESS accelerator, the industry has been encouraged to
design an Inductive Output Tube (IOT), which is a newer
type of RF amplifier that is primarily used for television
transmissions. IOTs have an almost constant efficiency
down to 30% of maximum output power, which will give
substantial power savings.
For klystrons, which have constant power consumption, the
energy optimal filling strategy is simply to drive them at
saturation. However, for IOTs, it is possible to reduce the
filling energy with a more sophisticated strategy.
As remarked in a recent article by Bhattacharyya et al.
(2015), little work has been done on energy optimal filling
of RF cavities. In their article, they derived analytically
how to minimize the energy reflected from the cavity during
filling, which corresponds to minimization of the wall-plug
energy consumption for ideal amplifiers. In this contribution
� The authors work with development of the RF control system for
the linear accelerator at the European Spallation Source, and would
like to acknowledge many helpful discussions with the RF group at
ESS. They have also received financial support from the ELLIIT
Excellence Center and the Swedish Research Council through the
LCCC Linnaeus Center.
1 The filling constitutes 0.15 ms/(2.86 + 0.15) ms = 5 % of the RF
pulse, and the expected average electricity consumption of the RF
amplifiers (inductive output tubes) is 6 MW, which gives the following
cost estimate:
5 % × 6 MW × 5000 h/year × 0.07 e/kWh = 100 ke/year.
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Figure 1. Main components of an RF station. We will not
consider feedback in this article (dashed line).

we show how to minimize the wall-plug energy for arbitrary
amplifier characteristics. The components involved in the
control problem are illustrated in Figure 1.

1.1 Problem formulation

The baseband dynamics for the accelerating mode of
an accelerator cavity is given by the following complex-
coefficient differential equation (Schilcher, 1998),

V̇ = (−ω1/2 + i∆ω(t))V + ω1/2RLIg+ ω1/2RLIb, (1)
where V is the cavity field voltage (phasor), ω1/2 is the
cavity bandwidth, ∆ω(t) is the cavity detuning, RL is
the loaded shunt impedance, Ig is the generator current,
which is the controlled output of the RF amplifier, and
Ib is the beam-current, which is equal to 0 during the
filling. Throughout, bold letters will denote complex-valued
signals. To simplify the exposition we assume, without loss
of generality, that V has nominal value 1, ω1/2 = 1, and
RL = 1.
We want to determine how to fill the cavity, i.e. reach
V(tf ) = 1, while minimizing the energy consumption

W =
∫ tf

0
Pamp(|Ig|) dt, (2)

where Pamp(Ig) = I2
g /η(Ig) is proportional to the wall-plug

power drawn by the amplifier, and η(Ig) is the amplifier
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Figure 2. Normalized amplitudes of the cavity field and the
generator current during an RF pulse, for minimum
time filling, i.e. |Ig| = Imax

g (solid lines), and energy
optimal filling for an IOT (dotted lines).

efficiency as a function of output amplitude. The final time
tf is a free parameter and there is an upper limit Imax

g on
|Ig|, see Figure 2 for an illustration.
Formally stated, the problem is

minimize
Ig,tf

∫ tf

0
Pamp(|Ig|) dt (3a)

subject to V̇ = (−1 + i∆ω(t))V + Ig (3b)
|Ig| ≤ Imax

g (3c)
V(0) = 0 (3d)
V(tf ) = 1. (3e)

In the problem formulation (3), we assume the detuning
∆ω(t) for 0 ≤ t ≤ tf to be known in advance, that the
amplifier has no dynamics, that there are no disturbances
and that all parameters in (1) are perfectly known. These
assumptions are approximations, but we believe that the
computed energy savings are reasonably close to what can
be achieved in practice.

1.2 Previous Work

Bhattacharyya et al. (2015) derived, for ∆ω ≡ 0 and no
limit on |Ig|, how to minimize the reflected energy for
a fixed final time tf — a problem similar to minimizing
the energy consumption for an amplifier with constant
efficiency. The optimal generator current profile was

I∗
g (t) = exp(t)

sinh tf
, (4)

with the corresponding cavity voltage

V (t) = sinh(t)
sinh tf

.

In case the amplifier saturation level is too low to imple-
ment (4), i.e. exp(tf )/ sinh tf > Imax

g , they showed that
the solution is given by I∗

g (t) = min(Ket, Imax
g ), for a

suitably chosen K. Bhattacharyya et al. also compared the

energy consumption for amplifiers with different efficiency
characteristics η(Ig), with Ig given by (4). Note that I∗

g
was computed for η ≡ constant, and thus suboptimal for
amplifiers whose efficiency depend on the output amplitude.

1.3 Outline of the paper

In the next section we solve (3) for arbitrary efficiency
characteristics η(Ig) and time-varying, but known, detuning
∆ω(t). In Section 3 we compare the energy optimal filling
strategies for different efficiency characteristics η(Ig) and
different saturation levels Imax

g . We conclude with a remark
on cryogenic losses and a discussion of the results.

2. ENERGY OPTIMAL FILLING PROFILE

2.1 Optimal phase of Ig(t)

In polar coordinates the cavity equation (3b) takes the
form (Brandt, 2007),

V φ̇ − ∆ωV = Ig sin(θ − φ) (5a)
V̇ + V = Ig cos(θ − φ), (5b)

where Ig ≥0, V ≥0, θ and φ are defined via
Ig(t) = Ig(t)eiθ(t) (6)
V(t) = V (t)eiφ(t). (7)

By considering (5b), we see that choosing θ as
θ∗(t) = φ(t), (8)

maximizes V̇ for all Ig ≥ 0. Since the cost (3a) is
independent of φ, and we wish to minimize the cost for
reaching V (tf ) = 1, it is clear that (8) is optimal. With
this choice of θ(t), equation (5a) reduces to φ̇ = ∆ω, and
since we want φ(tf ) = 0, we must have

φ(t) = −
∫ tf

t

∆ω(t′) dt′. (9)

From (8) it follows that the optimal phase θ∗ of the
generator current equals the right hand side of (9).
Remark: For superconducting cavities ∆ω(t) depends on
the cavity field V via the Lorentz force detuning. However,
since the the optimization of θ and Ig is decoupled, the
optimal Ig and the corresponding V can be found first.

2.2 Optimal amplitude of Ig(t)

The optimal phase of the generator current is given by (8),
so finding the optimal amplitude Ig reduces to the following
problem

minimize
Ig,tf

∫ tf

0
Pamp(Ig) dt (10a)

subject to V̇ = −V + Ig (10b)
|Ig| ≤ Imax

g (10c)
V (0) = 0 (10d)
V (tf ) = 1. (10e)

From (10), it seems reasonable that the optimal choice of
Ig at each time-instant maximizes the ratio between the
increase of the cavity field and the power consumption, i.e.

I∗
g (t) = argmax

Ig

−V (t) + Ig

Pamp(Ig) . (11)
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