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a b s t r a c t

We study the directed network design problem with relays (DNDR), which arises in telecommunications
and distribution systems where relay points are necessary. Given a directed network and a set of com-
modities, the DNDR consists of introducing a subset of arcs and locating relays on a subset of nodes such
that in the resulting network, the total cost (arc cost plus relay cost) is minimized, and there exists a path
linking the origin and destination of each commodity, in which the distances between the origin and the
first relay, any two consecutive relays, and the last relay and the destination do not exceed a predefined
distance limit.
Since the DNDR is an NP-hard problem, we present an iterated metaheuristic based on tabu search,

which iteratively solves the DNDR within two steps: generating paths for commodities, and determining
optimal relay assignment associated with these paths. A cycle-based neighborhood is designed to gener-
ate neighboring solutions by replacing subpaths in commodities’ paths with new ones. Given one sub-
path, the new substituting subpath is found by solving a shortest path problem between its two
endpoints, explicitly taking into account the impact of opening one subpath on the objective value. For
each neighboring solution, the associated relay allocation is determined by exactly determined. With a
set of benchmark instances and newly generated instances, we compare our approach with other avail-
able algorithms. Computational results demonstrate that our proposed algorithm is an efficient method
for the DNDR.

� 2017 Published by Elsevier Ltd.

1. Introduction

In this paper, we study the directed network design problem
with relays (DNDR), which was first introduced by Li, Aneja, and
Huo (2012). The DNDR is defined by directed network
G ¼ ðV ;A;KÞ with node set V ¼ f1;2; . . . ;ng, arc set A of m arcs,
and commodity set K ¼ f1;2; . . . ; sg. Each arc ði; jÞ has an installa-
tion cost of ci;j and a length of di;j. A fixed cost gi occurs when a
relay is located at node i. The DNDR involves selecting network
arcs, determining a path from source node sk to destination node
tk for each commodity k, and locating relays such that in the result-
ing network, the total arc cost plus relay cost is minimized, and for
the path of each commodity, the distance between the origin and

the first relay, any two consecutive relays, and the last relay and
the destination do not exceed a predefined distance limit k.

The DNDR is generalized from the network design problemwith
relays (NDR). The NDR was defined over an undirected network,
which was first introduced by Cabral, Erkut, Laporte, and
Patterson (2007), in the context of telecommunication network
design, where the payload must be reprocessed at intermediate
stations (called relays) on the route from its origin to destination.
Cabral et al. (2007) presented a column generation based formula-
tion and proposed four construction heuristics: CH1, IOH, DOH and
CH2. Kulturel-Konak and Konak (2008) proposed a hybrid
approach based on a genetic algorithm and local search (LSGA)
for the NDR. The computational results showed that LSGA outper-
formed CH1 and CH2. Konak (2012) proposed a new genetic algo-
rithm (NGA) for the NDR. In this algorithm, paths are generated by
GA and the relay assignment is determined by exactly solving a set
covering problem. In a conference, Lin, Li, Wei, and Yue (2014)

http://dx.doi.org/10.1016/j.cie.2017.08.036
0360-8352/� 2017 Published by Elsevier Ltd.

⇑ Corresponding author.
E-mail addresses: xyli@tongji.edu.cn (X. Li), 1991chong@tongji.edu.cn (S. Lin),

schen@murraystate.edu (S. Chen), aneja@uwindsor.ca (Y.P. Aneja), ptian@sjtu.edu.
cn (P. Tian), jcui@cn.ibm.com (Y. Cui).

Computers & Industrial Engineering 113 (2017) 35–45

Contents lists available at ScienceDirect

Computers & Industrial Engineering

journal homepage: www.elsevier .com/ locate/caie

http://crossmark.crossref.org/dialog/?doi=10.1016/j.cie.2017.08.036&domain=pdf
http://dx.doi.org/10.1016/j.cie.2017.08.036
mailto:xyli@tongji.edu.cn
mailto:1991chong@tongji.edu.cn
mailto:schen@murraystate.edu
mailto:aneja@uwindsor.ca
mailto:ptian@sjtu.edu.cn
mailto:ptian@sjtu.edu.cn
mailto:jcui@cn.ibm.com
http://dx.doi.org/10.1016/j.cie.2017.08.036
http://www.sciencedirect.com/science/journal/03608352
http://www.elsevier.com/locate/caie


presented a tabu search metaheuristic for the NDR. Li et al. (2012)
developed a new column generation based formulation and pre-
sented the first executable exact algorithm for the DNDR, although
Cabral et al. (2007) also gave a column generation based formula-
tion for the NDR.

Both NDR and DNDR are closely related to some network design
problems, such as the minimum cost path problem with relays
(MCPR) (Laporte & Pascoal, 2011), the two-edge connected net-
work design problem with relays (2ECON-NDPR) (Konak, 2014;
Konak, Kulturel-Konak, & Smith, 2009), the hop-constrained net-
work design problem (Balakrishnan & Altinkemer, 1992), and the
rooted distance-constrained minimum Steiner tree problem
(Gouveia, Paias, & Sharma, 2008). The MCPR is a special case of
the NDR, where only one commodity is considered. For the MCPR,
Laporte and Pascoal (2011) proposed a labeling algorithm with a
time complexity of Oðkmþ knlogðmaxðk;nÞÞÞ. The 2ECON-NDPR is
an extension of the NDR by incorporating network survivability.
Konak (2014) proposed a hybrid approach of a genetic algorithm
and a Lagrangian heuristic for the 2ECON-NDPR.

The DNDR is an NP-hard combinatorial optimization problem.
The purpose of this paper is to develop an iterated metaheuristic
based on tabu search to efficiently solve the DNDR. Henceforth,
we refer to this proposed approach as IA-DNDR. In our approach,
solving the DNDR is decomposed into two iterative steps: (1) gen-
erating paths for commodities, and (2) determining relay assign-
ment. A tabu search with cycle-based neighboring operator is
first employed to explore the neighborhood of the current solution
and generate neighboring solutions. From the current solution, a
neighboring solution is generated by replacing one subpath of
the path for one commodity with a new one (these two subpaths
form an undirected cycle). The new substitute subpath is found
by solving a shortest path problem between two nodes of the orig-
inal path, taking into account the impact of opening one subpath
on the objective value. For each neighboring solution, the associ-
ated relay allocation is then determined by exactly solving a
refined node-arc formulation for the DNDR. Computational results
demonstrate that the proposed approach is an efficient meta-
heuristic over a wide range of benchmark and newly generated
instances, especially for the large DNDR instances.

The remainder of this paper is organized as follows. In Section 2,
we introduce a node-arc formulation for the DNDR and discuss
how to determine the optimal relay location given paths for com-
modities. In Section 3, we detail the new iterated metaheuristic
based on tabu search for the DNDR. In Section 4, we present com-
putational experiments to evaluate our approach. We conclude this
paper in Section 5.

2. Mathematical formulation

Li et al. (2012) presented a node-arc formulation for the DNDR.
With this formulation, we implement commercial mixed integer
programming solver (e.g., CPLEX) to obtain an upper bound of a
DNDR instance in Section 4. To properly describe our approach,
we here re-state the node-arc formulation. Some binary variables
and parameters are first defined as below.

� xi;j: it equals 1 if arc ði; jÞ 2 A appears in the solution, and 0,
otherwise;

� yi : it equals 1 if node i 2 V is used as a relay node, and 0,
otherwise;

� pk
i;j: it is equal to 1 if arc ði; jÞ 2 A is used in the path for commod-

ity k 2 K , and 0, otherwise;
� vk

i : the total distance traveled by commodity k 2 K after node i
without visiting a relay. If node i is used as a relay in the path for
commodity k;vk

i ¼ 0;

� bk
i : it is equal to 1 if node i is the origin for commodity k, �1 if i

is the destination of commodity k, and 0, otherwise.

The node-arc (NA) formulation for the DNDR is as follows:

min f ¼
X
ði;jÞ2A

ci;jxi;j þ
X
i2V

giyi ð1Þ

subject to
X
ði;jÞ2A

pk
i;j �

X
ðj;iÞ2A

pk
j;i ¼ bk

i ;8i 2 V ;8k 2 K; ð2Þ

vk
i þ di;jpk

i;j � kð1� pk
i;j þ yjÞ 6 vk

j ;8ði; jÞ 2 A;8k 2 K; ð3Þ

vk
i þ di;jpk

i;j 6 k;8ði; jÞ 2 A;8k 2 K; ð4Þ

pk
i;j 6 xi;j;8ði; jÞ 2 A;8k 2 K; ð5Þ

0 6 vk
i 6 kð1� yiÞ;8i 2 V ;8k 2 K; ð6Þ

vk
sk
¼ 0;8k 2 K; ð7Þ

pk
i;j 2 f0;1g;8ði; jÞ 2 A;8k 2 K; ð8Þ

yi 2 f0;1g;8i 2 V ; ð9Þ

0 6 xi;j 6 1;8ði; jÞ 2 A: ð10Þ
The objective function (1) minimizes total network cost includ-

ing cost for setting arcs and relays. Constraints (2) are the node
flow balance constraints. The logical constraints for feasible path
pattern are given in (3), and are justified as follows. If pk

i;j ¼ 0, then
the constraint in (3) is redundant due to constraints in (6). If
pk
i;j ¼ 1, then the constraint in (3) becomes: vk

i þ di;j � kyj 6 vk
j .

Now if yj ¼ 0 then this constraint is a valid constraint. If yj ¼ 1,
then this constraint is implied by constraints in (4). Constraints
in (4) state that if arc ði; jÞ appears in the path for commodity k,
the upper bound of k cannot be violated. Constraints in (5) imply
that xi;j should appear in the solution if arc ði; jÞ is used by any com-
modity. Finally, if node i is a relay node, then constraints in (6)
force vk

i ¼ 0 for any k 2 K. With minor modification, the formula-
tion is also applicable to the NDR.

We next discuss how to determine the optimal relay location. In
the above formulation, if the path variables pk

i;j are fixed, then vari-
ables xi;j are explicitly known. The optimal relay assignment
RelayðPÞ can be determined by solving the refined formulation.

3. An iterated metaheuristic based on tabu search for the DNDR

In this section, we propose an iterated metaheuristic based on
tabu search for the DNDR. Tabu search has been proven to be a very
effective heuristic for some network design problems (Crainic &
Gendreau, 2000; Gendreau, 2003; Pedersen, Crainic, & Madsen,
2009). Our approach iteratively solves each DNDR instance within
two steps. In the first step, a cycle-based neighboring operator is
implemented to construct feasible paths for commodities. In the
second step, the relay assignment RelayðPÞ associated with the con-
structed paths is determined by solving a refined node-arc formu-
lation for the DNDR. The global structure of the IA-DNDR is shown
in Algorithm 1. Starting from a feasible solution, our approach
explores the neighborhood of the current solution and typically
uses a best-improvement strategy to select the best neighbor in
each step. To prevent the algorithm from immediately returning
to previously visited candidate solutions and avoid cycling, the
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