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1. Introduction and preliminary results

One of central questions on harmonic mapping theory is under what condition a homeomorphism F of the
unit circle onto a Jordan curve v generates, via Poisson integral a harmonic diffeomorphism. A fundamental
result in this direction is the Rado—Choquet—Kneser theorem which asserts that, if + is convex and F is a
homeomorphism, then w = P[F] is a diffeomorphism. Further, an interesting question is that, under what

* The authors of this work were supported by the NNSF of China Grant Nos. 11501220, 11471128, and the NNSF of Fujian
Province Grant No. 2016J01020.
* Corresponding author.

E-mail addresses: flandy@hqu.edu.cn (J.-F. Zhu), davidk@ac.me (D. Kalaj).

http://dx.doi.org/10.1016/j.jmaa.2016.09.021
0022-247X/© 2016 Elsevier Inc. All rights reserved.

Please cite this article in press as: J.-F. Zhu, D. Kalaj, Quasiconformal Harmonic mappings and the curvature of the boundary,
J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.09.021



http://dx.doi.org/10.1016/j.jmaa.2016.09.021
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:flandy@hqu.edu.cn
mailto:davidk@ac.me
http://dx.doi.org/10.1016/j.jmaa.2016.09.021

Doctopic: Complex Analysis YJMAA:20726

2 J.-F. Zhu, D. Kalaj / J. Math. Anal. Appl. e e e (e e e0e) e ee—00ee

condition on F and 7, w = P[F] is quasiconformal. O. Martio was the first to observe such a question.
Pavlovié¢ in [19] solved this problem for v being the unit disk. Kalaj solved this problem for v being a
convex Jordan curve of class C1'® in [8] and for Dini’s smooth Jordan curve in [11]. Zhu in [21] considered
this problem for general convex Jordan curve. For some different approaches in the plane concerning the
class of g.c. harmonic mappings we refer to the papers [3,9,13-18,22,23]. Some recent optimal results on
the generalization of this class has been done in [1,12,24]. In this paper we focus our attention in some
quantitative estimates of quasiconformal constant of a mapping via its trace F' mapping the unit circle onto
a strictly convex Jordan curve «y. This is done in Theorems 2.3, 2.4 and 2.5. One of main tools in the proof
is Lemma 1.2, which makes itself an interesting result.

1.1. Harmonic functions and Poisson integral

The function

1—r?
27(1 — 2rcost + r?)

P(r,t) = , 0<r<1, te]0,2n],
is called the Poisson kernel. The Poisson integral of a complex-valued function F' € L*(T) is a complex-valued
harmonic function given by

w(z) = u(z) +iv(z) = P[F|(z) = /P(r,t —7)F(e")dt, (1.1)

where z = rei™ € U. Here U := {2 € C: |2|] < 1} and T := {z € C : |z| = 1}. On the other hand the
following claim holds:
Claim 1: If w is a bounded harmonic function, then there exists a function F € L*(T), such that w(z) =
P[F](2) (see e.g. [2, Theorem 3.13 b), p = o0]).

We refer to the book of Axler, Bourdon and Ramey [2] for good setting of harmonic functions.

The Hilbert transformation of a function xy € L*(T) is defined by the formula

W) = Ho(r) =~ [ Mg,

Here [} ®(t)dt := lim._,o+ [ ®(t)dt. This integral is improper and converges for a.e. 7 € [0,2x]; this
and other facts concerning the operator H used in this paper can be found in the book of Zygmund [25,
Chapter VII]. If f is a complex-valued harmonic function then a complex-valued harmonic function fis
called the harmonic conjugate of f if f + if is an analytic function. Notice that such a f is uniquely

determined up to an additive constant. Let x, ¥ € L'(T). Then

P[x] = P[x], (1.2)

where P[x] is the harmonic conjugate of P[x] (see e.g. [20, Theorem 6.1.3]).
Assume that z = x + iy = re’” € U. The complex derivatives of a differential mapping w : U — C are

1 +1
w, = = | wy +-w
2 iV
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defined as follows:

and
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