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OPEN PROBLEMS ON COUNTABLE DENSE HOMOGENEITY

MICHAEL HRUŠÁK AND JAN VAN MILL*

Abstract. We survey recent development in research on countable dense homogeneity
with special emphasis on open problems.

1. Introduction

Unless stated otherwise, all spaces under discussion are separable and metrizable.
A separable space X is countable dense homogeneous (CDH) if, given any two countable

dense subsets D and E of X, there is a homeomorphism f : X → X such that f [D] = E.
This is a classical notion that can be traced back to the works of Cantor [17], Brouwer [15],
and Fréchet [37]. Examples of CDH-spaces are the Euclidean spaces ([15, 37]), the Hilbert
cube ([35]) and the Cantor set. In fact, every strongly locally homogeneous (SLH1) Polish
space is CDH, as was shown by Bessaga and Pe�lczyński [14] (see also [13, 4, 33, 38]).

The term countable dense homogeneous was coined by Bennett in his seminal paper [13]
where the fundamental themes of the subject were introduced by either proving a theorem,
or by asking an insightful question: its relation with other notions of homogeneity such as
strong local homogeneity and n-homogeneity, issues dealing with products, open subspaces
and connectedness. The subject was subsequently popularized and advanced greatly by
the efforts of Fitzpatrick [26, 27, 28, 29, 30, 31, 32].

Several surveys on homogeneity and countable dense homogeneity have been written
[32, 29, 6]. In [29], Fitzpatrick and Zhou presented the most interesting open problems on
countable dense homogeneity at the time. Now we are almost 25 years later in time. Since
there is ongoing interest in the subject, it seems appropriate to see what has remained of
their problems and which new ones have emerged. As Fitzpatrick and Zhou remarked, the
problems range in flavor from the geometric to the set theoretic. This remains very true
of the subject today.

We are indebted to the referee for some useful comments.
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1Recall that a space X is strongly locally homogeneous [34] if it has a basis B of open sets such that for

every U ∈ B and every x, y ∈ U there is a autohomeomorphism h of X such that h(x) = y and h restricts
to the identity on X \ U .
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