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1. INTRODUCTION

Fractional integrals, derivatives and differences of any
order are the basic concepts in the fractional calculus
that is a field of applied mathematics. Basic information
on fractional calculus, ideas and some applications can
be found for example in Podlubny (1999); Kilbas et al.
(2006); Kaczorek (2011); Ortigueira and Trujillo (2015);
Ostalczyk (2016). One of the most important issue that
should be solved for fractional order systems is the analysis
of stability. In the case of linear fractional order differ-
ence systems the Z-transform can be used as an effective
method for the stability analysis, see for instance Mozyrska
and Wyrwas (2016); Stanis�lawski and Latawiec (2013a,b);
Abu-Saris and Al-Mdallal (2013); Mozyrska and Wyrwas
(2015). There is common for authors to consider fractional
systems with positive fractional orders less or equal to one.
In the paper we take into account fractional orders that
are greater than one. We show that one can reduce the
order of the considered systems by transforming them to
the systems with the partial orders from the interval (0, 1].
Then the results can be applied to transformed systems
and consequently, we get the conditions for stability of
linear difference systems with fractional orders α > 0.
The strength of the paper is that we present our re-
sult for appropriate systems with the Caputo–, Riemann-
Liouville– and Grünwald-Letnikov–type fractional differ-
ences with positive orders. We prove that in fact two
of them the Riemann-Liouville– and Grünwald-Letnikov–
type are equivalent.

The paper is organized as follows. In Section 2 we gather
some results needed in the sequel. Section 3 contains
the stability analysis of linear difference systems with
positive fractional orders. Additionally, similarly as in
Bus�lowicz and Ruszewski (2013); Stanis�lawski and Lataw-
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iec (2013a,b) we prove the conditions connected with
eigenvalues of the matrices that define the considered
linear difference systems. Finally we present the example
in order to illustrate the reworked conditions of stability.

2. OPERATORS AND THEIR Z – TRANSFORMS

The important role in definitions of fractional operators
plays the following sequence of coefficients defined by its
values:

a(α)(k) :=




1 for k = 0

(−1)k
α(α − 1)...(α− k + 1)

k!
for k ∈ N ,

(1)

where α ∈ R. Since α(α−1)...(α−k+1)
k! =

�
α
k

�
, the sequence�

a(α)(k)
�
k∈N∪{0}

can be rewritten using the generalized

binomial
�
α
k

�
as follows a(α)(k) = (−1)k

�
α
k

�
. Let us note

that a(α) can be also define in the recurrence way as the
following sequence:

a(α)(0) := 1 ,

a(α)(k) :=

�
1−

α+ 1

k

�
a(α)(k − 1) , k ∈ N .

(2)

Let us recall that one–sided Z-transform of a sequence
(y(n))n∈N∪{0} is a complex function given by

Y (z) := Z[y](z) =
∞�

k=0

y(k)

zk
, (3)

where z ∈ C denotes a complex number for which the series
(3) converges absolutely. It is useful tool for solving differ-
ence equations with initial conditions. We treat all discrete
functions that they are zero for negative arguments. Note
that since a(α)(k) = (−1)k

�
α
k

�
=

�
k−α−1

k

�
, then for |z| > 1

and α ∈ R we have

Z
�
a(α)

�
(z) =

∞�

k=0

(−1)k
�
α

k

�
z−k =

�
1− z−1

�α
. (4)
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2.1 Fractional sums

Let h > 0. For a real function x = x(t) the forward h-
difference operator is defined as (see Ferreira and Torres
(2011))

(∆hx)(t) :=
x(t + h)− x(t)

h
and the backward h-difference operator is defined as

(∇hx)(t) :=
x(t)− x(t − h)

h
.

Then (∆hx)(t) = (∇hx)(t−h). Let q ∈ N and ∆q
h := ∆h ◦

· · · ◦ ∆h is q-fold application of operator ∆h, i.e. ∆
q
hx =

∆h(∆h(. . .∆h︸ ︷︷ ︸
q−times

x)) and we write (∆0
hx)(t) := x(t). Let us

notice that (∆q
hx)(t) = h−q

∑q
k=0(−1)q−k

(
q
k

)
x(t + kh) .

Definition 1. For a real function x = x(t) the fractional
h-sum of order α > 0 is given by

(
∆−α

h x
)
(t) := hα

k∑

i=0

a(−α)(k−i)x(ih) = hα
(
a(−α) ∗ x

)
(k) ,

where t = kh, k ∈ N ∪ {0}, x(k) = x(kh) and “∗” denotes
one-sided convolution operator. Additionally,

(
∆0

hx
)
(t) :=

x(t).

For simplicity of notation, if h = 1, then index h will be
omitted and ∆ will be written instead if ∆1. The same
concept of notations is assumed for next operators.

Proposition 1. For t = kh let us define y(k) :=
(
∆−α

h x
)
(t),

where α, h > 0. Then

Z [y] (z) = hα
(
1− z−1

)−α
X(z) , (5)

where X(z) := Z [x] (z).

Proof. Let y(k) =
(
∆−α

h x
)
(t). Then Z [y] (z) =

hαZ
[
a
(−α)
k

]
(z)X(z). By (4) we see equality (5).

• For h = 1 equation (5) is shortly written as

Z
[
∆−αx

]
(z) =

(
1− z−1

)−α
X(z) .

2.2 Caputo–type operator with positive orders

The definition of the Caputo–type fractional h-difference
operator can be found, for example, in Mozyrska and
Girejko (2013) (for any h > 0).

Definition 2. Let α ∈ (q − 1, q], q ∈ N. The Caputo–type
fractional h-difference operator ∆α

h of order α of a real
function x = x(t) is defined by

(
∆α

h,∗x
)
(t) =

(
∆

−(q−α)
h (∆q

hx)
)
(t) , (6)

where t = kh, k ∈ N ∪ {0}.

Observe that for α = q ∈ N we have
(
∆q

h,∗x
)
(t) =

(∆q
hx) (t).

Proposition 2. For α ∈ (q − 1, q], q ∈ N let us define

y(k) :=
(
∆α

h,∗x
)
(t), where t = kh. Then

Z [y] (z) = h−αzq
(
1− z−1

)α
(X(z)− g(z)) , (7)

where

g(z) =
z

z − 1

q−1∑

k=0

(z − 1)−k
(
∆kx

)
(0)

and X(z) = Z[x](z), x(k) := x(kh).

Proof. We state the proof with h = 1, as for h > 0
it is only simple generalization that is connected with
multiplication by hα. By Proposition 1 we have

Z
[
∆−(q−α) (∆qx)

]
(z) =

(
1− z−1

)α−q
Z [∆qx] (z) .

Moreover,

Z [∆qx] (z) = (z− 1)qX(z)− z

q−1∑

k=0

(z− 1)q−1−k
(
∆kx

)
(0) ,

where X(z) = Z[x](z). Then

Z
[
∆−(q−α) (∆qx)

]
(z) = zq

(
1− z−1

)α
(X(z)− g(z)) .

For orders α ∈ (0, 1] we have:

Z [y] (z) = h−αz
(
1− z−1

)α
(
X(z)−

z

z − 1
x(0)

)
, (8)

where X(z) = Z[x](z) and x(k) := x(kh).

2.3 Riemann–Liouville–type operator of positive order

The definition of the fractional h-difference Riemann-
Liouville–type operator can be found, for example, in Atıcı
and Eloe (2007) (for h = 1) or in Bastos et al. (2011) (for
any h > 0).

Definition 3. Let α ∈ (q − 1, q], q ∈ N. The Riemann-
Liouville–type fractional h-difference operator ∆α

h of order
α of a real function x = x(t) is defined by

(∆α
hx) (t) =

(
∆q

h

(
∆

−(q−α)
h x

))
(t) , (9)

where t = kh, k ∈ N ∪ {0}.

Observe that the Riemann-Liouville–type fractional h-
difference operator of order α = q ∈ N equals to q-fold
application of the forward h-difference operator.

Proposition 3. For α ∈ (q − 1, q], q ∈ N let us define
y(k) := (∆α

hx) (t), where t = kh, Then

Z [y] (z) =h−α
(
zq

(
1− z−1

)α
X(z)

−z

q−1∑

k=0

(z − 1)q−k−1
(
∆k

(
∆−(q−α)x

))
(0)

)
,

(10)

where X(z) = Z[x](z) and x(k) := x(kh).

Proof. We state the proof with h = 1. Let f(k) =(
∆−(q−α)x

)
(k). Then

Z [y] (z) = Z [∆qf ] [z] =(z − 1)qF (z)−

z

q−1∑

k=0

(z − 1)q−1−k
(
∆kf

)
(0) ,

where F (z) = Z [f ] (z) =
(
1− z−1

)α−q
X(z). Hence

equality (10) holds.

For orders α ∈ (0, 1] we have:

Z [y] (z) = h−αz
((

1− z−1
)α

X(z)− x(0)
)
, (11)

where X(z) = Z[x](z) and x(k) := x(kh).
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