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Abstract

Asset management and pricing models require the proper modeling of the return distribution of financial assets. While the return dis-
tribution used in the traditional theories of asset pricing and portfolio selection is the normal distribution, numerous studies that have
investigated the empirical behavior of asset returns in financial markets throughout the world reject the hypothesis that asset return dis-
tributions are normally distribution. Alternative models for describing return distributions have been proposed since the 1960s, with the
strongest empirical and theoretical support being provided for the family of stable distributions (with the normal distribution being a
special case of this distribution). Since the turn of the century, specific forms of the stable distribution have been proposed and tested
that better fit the observed behavior of historical return distributions. More specifically, subclasses of the tempered stable distribution
have been proposed. In this paper, we propose one such subclass of the tempered stable distribution which we refer to as the ‘‘KR dis-
tribution”. We empirically test this distribution as well as two other recently proposed subclasses of the tempered stable distribution: the
Carr–Geman–Madan–Yor (CGMY) distribution and the modified tempered stable (MTS) distribution. The advantage of the KR dis-
tribution over the other two distributions is that it has more flexible tail parameters. For these three subclasses of the tempered stable
distribution, which are infinitely divisible and have exponential moments for some neighborhood of zero, we generate the exponential
Lévy market models induced from them. We then construct a new GARCH model with the infinitely divisible distributed innovation
and three subclasses of that GARCH model that incorporates three observed properties of asset returns: volatility clustering, fat tails,
and skewness. We formulate the algorithm to find the risk-neutral return processes for those GARCH models using the ‘‘change of mea-
sure” for the tempered stable distributions. To compare the performance of those exponential Lévy models and the GARCH models, we
report the results of the parameters estimated for the S&P 500 index and investigate the out-of-sample forecasting performance for those
GARCH models for the S&P 500 option prices.
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q This paper was reviewed and accepted while Prof. Giorgio Szegö was the Managing Editor of The Journal of Banking and Finance and by the past
Editorial Board. Rachev’s research was supported by Grants from the Division of Mathematical, Life and Physical Science, College of Letters and Science,
University of California, Santa Barbara, and the Deutsche Forschungsgemeinschaft. Bianchi is grateful for research support provided by the German
Academic Exchange Service (DAAD).

* Corresponding author. Address: Chair of Econometrics, Statistics and Mathematical Finance, School of Economics and Business Engineering,
University of Karlsruhe, Kollegium am Schloss, Bau II, 20.12, R210, Postfach 6980, D-76128 Karlsruhe, Germany. Tel.: +49 721 608 7535, +49 721 608
2042(s); fax: +49 721 608 3811.

E-mail address: rachev@statistik.uni-karlsruhe.de (S.T. Rachev).
URL: http://www.statistik.uni-karlsruhe.de (S.T. Rachev).

www.elsevier.com/locate/jbf

Available online at www.sciencedirect.com

Journal of Banking & Finance 32 (2008) 1363–1378

mailto:rachev@statistik.uni-karlsruhe.de
http://www.statistik.uni-karlsruhe.de


JEL classifications: G12; G20

Keywords: Tempered stable distribution; GARCH model; Option pricing

1. Introduction

Since Mandelbrot (1963) introduced the Lévy stable (or
a-stable) distribution to model the empirical distribution of
asset prices, the a-stable distribution became the most pop-
ular alternative to the normal distribution, the latter distri-
bution being rejected by numerous empirical studies that
have found financial return series to be heavy-tailed and
possibly skewed. Rachev and Mitnik (2000) and Rachev
et al. (2005) have developed financial models with a-stable
distributions and applied them to market and credit risk
management, option pricing, and portfolio selection as will
as discussing the major attacks on the a-stable models. A
fair conclusion of the literature is that while the empirical
evidence does not support the normal distribution, it is also
not consistent with an a-stable distribution. The distribu-
tion of returns for assets has heavier tails relative to the
normal distribution and thinner tails than the a-stable dis-
tribution. Partly in response to those empirical inconsisten-
cies, various alternatives to the a-stable distribution were
proposed in the literature. The ‘‘classical tempered stable”

(CTS) distribution (Koponen (1995); Boyarchenko and
Levendorskii�(2000) and Carr et al. (2002)) and the ‘‘mod-
ified tempered stable” (MTS) distribution (Kim et al.
(2006)) are two examples; an extension of the CTS distribu-
tion named the ‘‘KR” distribution (Kim et al. (in press)) is
another. These distributions, sometimes called the tem-
pered stable distributions, have not only heavier tails than
the normal distribution and thinner than the a-stable distri-
bution, but also have finite moments for all orders.

The tempered stable distributions are used for construct-
ing the exponential Lévy model. If the driving process is the
CTS process, then the exponential Lévy model is called the
CGMY model, and if the driving process is the MTS pro-
cess or KR process, then we refer to the exponential Lévy
models as the MTS model or the KR model, respectively.

The main problem with the exponential Lévy models is
that they generate an incomplete market; that is, the equiv-
alent martingale measure (EMM) of a given market mea-
sure is not unique in general. For this reason, we need a
method to select one reasonable EMM in the incomplete
market generated by an exponential Lévy model. One clas-
sical method in selecting an EMM is the Esscher transform
presented by Gerber and Shiu (1994, 1996); another rea-
sonable method is finding the ‘‘minimal entropy martingale
measure” presented by Fujiwara and Miyahara (2003).
While these methods are mathematically elegant and have
a financial interpretation within the context of a utility
maximization problem, empirically the model prices
obtained from the EMM have not matched the market
prices observed for options. The other method for handling
the problem is to estimate the risk-neutral measure by

using current option price data independent of the histori-
cal underlying distribution. This method can fit model
prices to market prices directly, but it has a problem: the
historical market measure and the risk-neutral measure
need not to be equivalent and it conflicts with the no-
arbitrage property for option prices. To overcome these
drawbacks, one must estimate the market measure and
the risk-neutral measure simultaneously, and preserve the
equivalent property between two measures. One method
for doing so is ‘‘the least-squares calibration with a prior”

proffered by Cont and Tankov (2004). Basically, their
method finds an EMM of the market measure that
minimizes the least squares error of the model option prices
relative to the market option prices.

In spite of the skewness and the fat-tail property of the
driving process, the exponential Lévy model has been
rejected by empirical evidence (e.g., the finding that there
is volatility clustering). The Markov property of the expo-
nential Lévy model is one reason for the rejection.
GARCH option pricing models have been developed to
price options under the assumption of a non-Markovian
property, more precisely, the assumption of volatility clus-
tering. GARCH models of Duan (1995) and Heston and
Nandi (2000) are important works on the non-Markovian
structure of asset returns with the normal innovation pro-
cess, but the normal innovation process disregards the
empirical innovation process of asset returns. Duan et al.
(2004) enhanced the classical GARCH model by adding
jumps to the innovation processes. Subsequently, Menn
and Rachev (2005a,b) introduced an enhanced GARCH
model with innovations which follow the smoothly trun-
cated stable (STS) distribution.

In this paper, we present market models based on the
tempered stable distributions and provide empirical tests
of these distributions. First, we consider the CGMY,
MTS, and KR models. Then we find their EMM using
the method of least-squares calibration with a prior and
verify empirically the advantages of the KR model. We
can find the parameters of the EMM such that the least
squares error of the KR model prices are less than the error
of the CGMY and MTS model prices. The change of mea-
sure between two KR processes has more freedom than
that of the CGMY and MTS, and this freedom provides
some empirical benefit which will be discussed.

We then construct a new GARCH model that combines
the volatility clustering property of Duan’s GARCH model
and the skewness and fat-tail property of the infinitely
divisible distribution which induces the Lévy process. This
combination approach was first attempted by Menn and
Rachev (2005a,b) using the a-stable distribution. In this
paper, we improve and extend their approach. We consider
the GARCH model and apply infinitely divisible distribu-
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