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Abstract: This paper considers hierarchical control strategy (HCS) for maximising power
conversion between mechanical and electrical powers in heaving wave energy converters. The
maximisation conversion were obtained by designing the optimum reference for the buoy. This
reference were found by relating the mechanical and electrical models of the power-takeoff (PTO)
device. A simple look-up table of the intrinsic resistance constant was obtained as function of
wave’s significant height and peak frequency. A Robust PID controller was used to track this
reference. The PID controller was tuned using complex polynomial stabilisation method to
convert the robust performance specification into a set of linear programming problem. The
interesting feature of the method is all (not only one) set of PID parameters, which satisfies
the robust performance, were found. Finally, the simulation results were presented to verify the
control objectives.
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1. INTRODUCTION

This paper considers a procedure to maximise the con-
version between mechanical and electrical powers in the
heaving wave energy converters (HWECs) using hierar-
chical control strategy (HCS). The HCS comprise of a
higher hierarchical control (HHC) and a lower hierarchical
control (LHC). The HCS provides the velocity reference
for maximising the powers conversion, while the LHC
follows this reference despite modeling uncertainties. The
novelty of the proposed control strategy lies in the design
of HHC and LHC. Unlike the existing HCS (e.g. Fusco et al
(2014) and A. Wahyudie et al (2017)) where only used the
mechanical model of designing the velocity reference, we
used electrical and mechanical models for generating the
velocity reference for the buoy. Furthermore, we utilised a
simple robust PID controller in the LHC. The utilisation
of PID have not discussed as the main controller in any
existing HCS.

The paper is composed using the following order. The
mechanical and electrical models of HWECs are provided
in Section 2. Section 3 describes the proposed control
strategy. A simulation results is discussed in Section 4.2.
Finally, conclusion is given in Section 5.
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2. MODELING

The mathematical model of the HWEC comprise of the
mechanical and electrical models. The detail of these
model are given in the following sections.

2.1 Mechanical Model

The mechanical model describes the forces acting in the
buoy. In the linear region, the buoy’s movement is de-
scribed using the following equation

fe(t)− fr(t)− fb(t)− fl(t)− fs(t) + fu(t) = mz̈(t) (1)

where z̈(t) is the heave acceleration of the buoy, and
fe(t), fr(t), fb(t), fl(t), fs(t), and fu(t) are the excitation,
radiation, buoyancy, losses, spring, and control forces,
respectively. Constant m is the total mass of the PTO,
which comprises the buoy, rod, and translator of the
PMLG. The detail of the mechanical model can be found
in A. Wahyudie et al. (2015).

2.2 Electrical Model

As mentioned above, the calculated fu(t) is implemented
by controlling the current in the PMLG. To calculate the
controlling current, the PMLG is modelled using its d− q
equivalent circuit, which represents the synchronous frame
direct and quadrature components, as shown in Fig. 1.
The Park transformation is used to transform the three-
phase voltages and currents into the synchronous frame
components. The d-q components of the stator voltage
vs(t) at the terminal are formulated by the following
equations.
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The complex polynomial stabilisation method is used to
find the parameters of the PID controller that satisfy (6)
and (9). We selected this method because the transfer
function of the obtained controller has the same struc-
ture/transfer function as in (5) and the method gives
all (not just one) admissible PID gains controller for a
selected kp gain. The method requires the control problems
to be written as a polynomial stabilisation. While it is
obvious that (6) is a polynomial stabilisation problem, (9)
needs the following Lemma to convert it into a polynomial
stabilisation problem.
Lemma 1 Let

L(s)

M(s)
=

l0 + l1s+ ...+ lxs
x

m0 +m1s+ ...+mxsx

and
Y (s)

Z(s)
=

y0 + y1s+ ...+ yys
y

z0 + z1s+ ...+ zysy

be a stable and proper rational function with mx �= 0 and
zy �= 0. Then, ∥∥∥∥

∣∣∣∣
L(s)

M(s)

∣∣∣∣+
∣∣∣∣
Y (s)

Z(s)

∣∣∣∣
∥∥∥∥
∞

< 1

if and only if

a) M(s)Z(s) + ejθL(s)Z(s) + ejφY (s)M(s) is Hurwitz
for all θ and φ ∈ [0, 2π),

b) |lx/mx|+ |yy/zy| < 1.

Using Lemma 1, the robust performance condition in (9)
can be converted into the following polynomial stabilisa-
tion:

β(s, θ, φ, kp, ki, kd) (10)

� sDS(s)DT (s)DP (s) + ejθsNS(s)DT (s)DP (s)

+(kp + kis+ kds
2)[DS(s)DT (s)NP (s)

+ejφDS(s)NT (s)NP (s)].

This equation is Hurwitz, and

|WS(∞)S(∞)|+ |WT (∞)T (∞)| < 1 (11)

Therefore, the PID controller needed to satisfy the objec-
tives of the servo feedback control system for WECs can be
found by solving the following equations simultaneously.

(C1) α(s, kp, ki, kd) is Hurwitz.
(C2) β(s, θ, φ, kp, ki, kd) is Hurwitz for all θ and φ ∈ [0, 2π).
(C3) |WS(∞)S(∞)|+ |WT (∞)T (∞)| < 1.

It is easy to solve (C3) once we have an admissible PID
controller that satisfies (C1) and (C2). Equations (C1)
and (C2) can be solved using the complex polynomial
algorithm as described in Ho et al. (2003). This algorithm
converts the stabilisation problem into a set of linear equa-
tions. We denote the region of admissible PID controllers
that satisfy (C1), (C2), and (C3) as RC1, RC2, and RC3,
respectively. Therefore, the admissible gains of the PID
controller satisfying (9) are RC1 ∩RC2 ∩RC3.

3.2 Reference generation

The objective of the reference generation is to provide
reference velocity żr(t), which maximises the conversion
from mechanical to electrical power (A. Wahyudie et
al(2017)). The reference generation comprises two transfer

functions: Φ(s) and Υ(s). Transfer function Φ(s) is defined
as

Φ =
Fe(s)

H(s)
(12)

where Fe(s) and H(s) are the transfer function of ex-
citation force and wav elevation, respectively. Transfer
function Υ(s) relates the reference velocity żr(t) to the
excitation force, which is formulated as

Υ(s) =
Fe(s)

Vr(s)
=

1

R̄
(13)

where Vr(s) is the Laplace transform of żr(t) and R̄ is a
constant that represents the intrinsic resistance.

The objective in the reference generation can be achieved
by designing the value of R̄ using the following procedure.
The energy conversion between mechanical power Pm(t)
and electrical power Pe(t) is formulated as

Pe(t) = Pm(t)− Ploss(t) = fu(t)ż(t)−
3Rsi

2
sq(t)

2
(14)

where Ploss(t) denotes the power losses in the PMLG. The
mechanical model of the PMLG is related to its mechanical
model using the following equation

fu(t) =
3πλPM isq(t)

2pw
. (15)

Substituting (15) into (14), we obtain

Pe(t) =
3πλPM isq(t)ż(t)

2pw
− 3Rsi

2
sq(t)

2
. (16)

In the resonance condition, ż(t) becomes equal to żr(t) by
deploying the servo feedback control system. Maximising
Pe(t) by taking partial derivative Pe(t) over isq(t) equal to
zero in (16) and evaluating it in the resonance condition,
the following is obtained:

∂Pe

∂isq
=

3πλPM żr(t)

2pw
− 3Rsisq(t) = 0. (17)

Variable isq(t) can be fixed by fixing fu(t) to be equal to
its maximum designed value fm

u in (15), as follows:

fm
u =

3πλPM imsq
2pw

, (18)

where imsq is the maximum rated value of isq(t). Substitut-
ing, (12), (13), and (18) into (17) the following equation
can be derived:

R̄(s) =
3πλPMH(s)Φ(s)

6pwRsimsq
. (19)

For regular (monochromatic) sea states, η(t) is a sinusoidal
wave form with a specific significant height Hs and peak
frequency ωp. Therefore, for regular sea states, R̄ can
be obtained using the Bode magnitude of the following
equation

R̄(ωp) =

∣∣∣∣
3πλPMηpΦ(s)

6pwRsimsq

∣∣∣∣ , (20)

where ηp is equal to half of Hs, e.g., ηp = 0.5 for Hs = 1 m.
A look-up table can be constructed using the resulting
Bode magnitude plot.

Constant R̄ in (20) gives the maximum power conversion
efficiency for various ωp without exceeding the values of
fm
u . However, this does not mean that we obtain the
maximum Pe(t). The maximum power conversion tends
to give a larger value of R̄ and hence reduces the value of
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vsd(t) =Rsisd(t)− ωe(t)λsq(t) +
d

dt
(Lsdisd(t) + λPM ),

vsq(t) =Rsisq(t)− ωe(t)λsd +
d

dt
(Lsqisq(t)),

λsd(t) =Lsdisd(t) + λPM ,

λsq(t) =Lsqisq(t),

where is(t), λPM , λs, Rs, and Ls are the stator current,
permanent magnet flux, stator flux linkage, machine syn-
chronous resistance, and inductor, respectively. Variable
ωe(t) is the electrical angular frequency, which is given by
the following equation

ωe(t) =
2πż(t)

pω
,

where pω is the pole width of the PMLG. In this study,
a surface-mounted PMLG is used where the stator induc-
tance quantities in the d- and q-axes are almost identical,
or Lsd ≈ Lsq.

Converted (electrical) power Pe(t) is given by

Pe(t) =
3

2
pλPMωe(t)isq(t), (2)

where p is the number of magnetic pole pairs. Mechanical
power Pm(t) is expressed by

Pm(t) = fu(t)ż(t). (3)

Using (2) and (3) and the assumption that there is no loss
in the conversion between Pm(t) and Pe(t), we have

fu(t)ż(t) =
3pλPMωe(t)isq(t)

2
.

Therefore, controlling current isq(t) is obtained as

isq(t) =
2fu(t)ż(t)

3pλPMωe(t)
. (4)

3. PROPOSED CONTROL STRATEGY

The proposed reference-based control strategy for the
WEC comprises the reference generation and servo feed-
back control system, as depicted in Fig. 2. The reference

+


!eLsqisq

LsdRs +



vsd

isd

!e(Lsdisd + λPM ) vsq

isq

+


Rs +



Lsq

Fig. 1. Equivalent circuit of the PMLG.

++ +

+


fu(t)

+

fe(t)

+

fd(t)

e(t)żr(t) ż(t)

P


Reference generation Servo feedback controlled system

⌥
⌘(t)

K P



WS

WT

Fig. 2. Proposed control system configuration for WEC
systems.

generation provides the reference velocity. The servo feed-
back control system follows the reference despite the ex-
istence of model uncertainties. In the process of designing
the reference velocity, the controller in the servo feedback
control system is involved. Therefore, the PID controller
was designed before the reference was generated.

3.1 Servo feedback control system

The servo feedback control system comprises two trans-
fer functions, the mechanical models of the WEC and
PID controller, denoted as P(s) and K(s), respectively.
In this study, P(s) comprises a nominal model of plant
P (s) with an input multiplicative uncertainty and receives
three input forces. Force fu(t) is a manipulable force,
whereas fe(t) and the disturbance force fd(t) are two
non-manipulable forces. We formulated transfer function
P (s) = V (s)/Fe(s) = NP (s)/DP (s) where V (s)
is the Laplace transform of ż(t), and NP (s) and DP (s)
are the numerator, and denominator of P (s), respec-
tively. P (s) can be found using the mechanical model of
HWECs. Moreover, ∆(s) is a stable and proper trans-
fer function with ‖∆‖∞ ≤ 1. The transfer functions
WT (s) = NT (s)/DT (s) and WS(s) = NS(s)/DS(s) are
the weighting functions that represent the model uncer-
tainty and nominal performance specification, respectively.
The transfer function of the PID controller is formulated
as

K(s) = kp +
1

kis
+ kds =

ki + kps+ kds
2

s
. (5)

The objectives of the PID controller in the servo feedback
control system are

1) to stabilise the nominal feedback control system;
2) to follow the reference velocity despite the existence

of uncertainties in the model.

The first objective can be satisfied by placing the closed-
loop poles of the nominal feedback control system in the
left-half-plane of the complex plane or equivalently

α(s, kp, ki, kd) � sDP (s) + (kds
2 + kps+ ki)NP (s), (6)

is Hurwitz. The second objective is solved using the H∞
design technique framework, described in Ho et al. (2003).
We define the complementary sensitivity function as

T (s) =
K(s)P (s)

1 +K(s)P (s)
.

The system has robustness stability if the following equa-
tion is satisfied:

‖WT (s)T (s)‖∞ < 1. (7)

The tracking performance can be measured by defining
the sensitivity function as the following transfer function,
which relates the reference with the error,

S(s) =
1

1 +K(s)P (s)
.

Using H∞ theory, the nominal tracking performance for
minimising the tracking error can be formulated as

‖WS(s)S(s)‖∞ < 1. (8)

The following robust performance for solving the second
objective is obtained by combining (7) and (8) as

‖ |WS(s)S(s)|+ |WT (s)T (s)| ‖∞ < 1. (9)
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