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Abstract

A strain and velocity gradient framework is formulated for centrosymmetric anisotropic Euler-Bernoulli and
third-order shear-deformable (TSD) beam models, reducible to Timoshenko beams. The governing equations
and boundary conditions are obtained by using variational approach. The strain energy is generalized to
include strain gradients and the tensor of anisotropic static length scale parameters. The kinetic energy
includes velocity gradients and a tensor of anisotropic length scale parameters and hence the static and
kinetic quantities of centrosymmetric anisotropic materials are distinguished in micro- and macroscales.
Furthermore, the external work is written in the corresponding general form. Free vibration of simply
supported centrosymmetric anisotropic TSD beams is studied by using analytical solution as well as an
isogeometric numerical method verified with respect to convergence.
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1. Introduction

Recent developments in nanotechnology necessitate the analysis of structural elements in ultra-small scales.
Micro and nanobeams are frequently used in micro- and nano-sized systems and devices such as sensors
(Takamatsu et al., 2014; Shaat and Abdelkefi, 2015), resonators (Kacem et al., 2009; Chen et al., 2011)
or actuators (Tian et al., 2016) and the accurate prediction of their behavior in micro/nano scales is of
utmost importance. However, it is well-known that the classical theories of continuum mechanics fail to
describe the behavior of micro- or nano-sized structures. The reason for this problem is that the equations
of the standard elasticity theories do not include parameters characterising the underlying microstructure,
named as the internal length scale parameters. In order to improve this deficiency, higher-order continuum
theories such as the couple stress theory (Mindlin and Tiersten, 1962; Toupin, 1964), non-local elasticity
theory (Eringen, 1972, 1983) and gradient elasticity theory (Mindlin, 1964) were developed. In these size-
dependent continuum theories, one or more internal length scale parameters appear in the constitutive
equations and make the interpretation of the size-effect in the behavior of the structures possible. In this
paper, the focus is on the gradient theory proposed by Mindlin (1964). The static length scale appears in
the constitutive law relating stress and double stress tensors to strain and its gradient. Additionally, the
dynamic length scale appears in the constitutive law relating momentum and double momentum tensors to
velocity and its gradient.

The classical Euler-Bernoulli beam theory provides inaccurate interpretation of the statical and dynam-
ical behavior of beams when their thickness-to-length ratio is relatively large. This deficiency was first
demonstrated by Timoshenko (1921). Since in the Timoshenko beam theory the transverse shear strain and
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