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a b s t r a c t

A new adjoint shape design sensitivity formulation for nonlinear structures subject to contact forces is
developed. The method is based on a geometrical mapping approach where shape variation is regarded
as a mapping characterized by the shape variation velocity field. An adjoint variable method is developed
for performing sensitivity analysis of the average shear strain in the tire belt area, which profile is prop-
erly parameterized in function of arcs, allowing explicit design velocities calculated. It can be seen that
the present method is much faster than the direct differentiation method and more accurate than the
classical finite difference scheme.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Sensitivity analysis in shape optimization problems is compli-
cated by the fact that the profile of the structure may change shar-
ply in the optimization process [1]. This issue becomes even more
critical in highly nonlinear problems such as, for example, optimal
design of automotive tires whose mechanical response, durability
and dynamical forces/moments generated in the contact patch
strongly depends on the outer profile of the structure. Shape design
sensitivity analysis (DSA) is still a challenge for tire industry
researchers due to the high level of nonlinearity in material, geom-
etry and contact stresses [2]. In this case, finite element analysis
obtains an optimal design at affordable computational cost.

Global optimization algorithms that combine different types of
response surface approximations are more efficient than local
search methods that may get trapped in local minima. The Kriging
method is more robust than standard response surface fitting
because it does not require assuming the form of the response sur-
face a priori. The gradient-based Kriging (GBK) method [3] can fur-
ther reduce the number of samples. However, the issue of
disposing of a stable and accurate sensitivity formulation becomes
even more critical in this case [3,4]. Another way to reduce the
computational cost of shape optimization is to use sample points

determined by means of the Latin hypercube design minimizing
pairwise correlations and maximizing inter-site distances of sam-
ple points [4,5].

The material derivative approach (MDA) (see the textbook by
Choi and Kim [6,7]) has been adopted in different engineering
areas by [8–20]. The adjoint variable method (AVM) [8,21–34]
allows improving computational efficiency of sensitivity evalua-
tions. However, the theoretical derivation of AVM for shape DSA
of highly nonlinear structures as tires is a challenging task in view
of the complexity of kinematic relationships. Here, a new adjoint
shape DSA formulation is proposed for nonlinear tire structures
with contact forces. The new formulation entails two basic aspects:
(i) derivation of design velocity using a geometrical mapping
approach (GMA) and (ii) formulation of shape DSA for nonlinear
tire structures starting from the parameterized tire profile. The
final goal is to perform accurate and stable DSA at low computa-
tional cost.

The idea behind GMA is that shape variations are regarded as a
mapping characterized by the shape variation velocity field. Using
the virtual work principle, sensitivity equations of state variables
(i.e., displacements) with respect to the shape variation are formu-
lated. The AVM for sensitivity analysis of average shear strain in
the tire belt area is hence formulated. The tire profile is parameter-
ized using parameterized arcs, which makes boundary design
velocities explicitly calculable according to its design variables. A
passenger radial tire is chosen as case study: remarkably, AVM is
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about 80% faster than direct differentiation method (DDM) in this
case. This provides a useful framework for shape sensitivity analy-
sis and optimization of highly nonlinear structures.

The paper is structured as follows. Section 2 describes design
variables and objective function of the tire shape optimization
problem. Section 3 presents the geometrical mapping approach
that will be used for deriving sensitivity formulation. Section 4
illustrates how tire shape is parameterized and presents the defini-
tion of shape design velocity. Section 5 explains how to formulate
sensitivity of displacements and displacement gradients with
respect to shape variables. Sensitivity derivation for the objective
function considered in this study is presented in Sections 6 and
7, respectively for the DDM and AVM. Applications to a passenger
radial tire contour optimization are discussed in Section 8. Finally,
Section 9 summarizes the main findings of this study.

2. Shape variables and objective function

This article addresses nonlinear structures with contact forces,
with tires being the application example. The tire shape optimiza-
tion problem in this study included the five design variables shown
in Fig. 1: radius of the first crown arc R1, radius of the second crown
arc R2, radius of the shoulder arc R3, radius of the sidewall-shoulder
arc R4, meridian coordinate of the intersection point of the first and
second arcs W1, tread contact width W2. Since R4 is not an inde-
pendent variable as its value can be known from W2, the radius
related to the shape of the inner boundary and parameters remain
constant in the optimization.

The objective function to be minimized is the average effective
shear strain which develops in the belt end area near the tire-
ground contact region. The corresponding area in the meridian
plane is shown in Fig. 2, and the 3D finite element model of tire
is obtained from this 2D model by rotating around the center of
tire. The circle of 360 degrees is divided into 50 sections on average
and the footprint length of tire tread in the circumferential direc-
tion comes to 6 sections. Therefore the circumferential angle is
taken as 2p� 6=50 which is shown in Fig. 4. The objective function
(also called performance function) can be expressed as
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where the left subscript s denotes the initial configuration corre-
sponding to the shape parameter sa (a = 1, 2. . .5) mentioned in
Fig. 1, the left superscript t denotes the load parameter, sVb is the
total volume of the design area, and t
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Fig. 2 shows the FE mesh adopted for the meridian plane of the tire.
The model is comprised of different rubber materials and rebars ele-
ments as reinforcements. The FE model, homogeneously divided
into 50 sections in the circumferential direction, includes in most
part trilinear hexahedral elements (HEX8). The level of mesh refine-
ment was such to have mesh independent solutions at reasonably
low computational cost. The structure is subject to two indepen-
dent load cases: (i) inflation pressure and (ii) contact with rigid road
surface under the load carried.

3. Geometrical mapping approach

In order to evaluate the sensitivity of cost function with respect
to shape variations, strain sensitivities must be determined. For
that purpose, sensitivity of displacements with respect to changes
in shape must be obtained first. In this study, the GMA was utilized
because the MDAmay be misleading as the real material derivative
is not suitable for formulating the variation in shape design. The
partial derivative with respect to the shape parameter does not
have any physical meaning, and the gradient is the derivative with
respect to the Euler coordinates rather than to the Lagrange coor-
dinates that appear in the displacement gradient of the solids. The
GMA is presented with clear physical meaning, wherein the shape
variation is regarded as a mapping characterized by the shape vari-Fig. 1. Design variables in the shape optimization of a tire (units/mm).

Fig. 2. FE model of the meridian plane of the tire and definition of the cost function in belt end area.
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